Classical Sub-subleading Soft Photon and Soft Graviton Theorems in Four
  Spacetime Dimensions by Sahoo, Biswajit
Classical Sub-subleading Soft Photon and Soft Graviton Theorems in
Four Spacetime Dimensions
Biswajit Sahoo
Harish-Chandra Research Institute, HBNI
Chhatnag Road, Jhunsi, Prayagraj, 211019, India.
E-mail: biswajitsahoo@hri.res.in
Abstract
Classical soft photon and soft graviton theorems determine long wavelength electromagnetic and
gravitational waveforms for a general classical scattering process in terms of the electric charges and
asymptotic momenta of the ingoing and outgoing macroscopic objects. Performing Fourier transformation
of the electromagnetic and gravitational waveforms in the frequency variable one finds electromagnetic
and gravitational waveforms at late and early retarded time. Here extending the formalism developed
in [1], we derive sub-subleading electromagnetic and gravitational waveforms which behave like u−2(lnu)
at early and late retarded time u in four spacetime dimensions. We also have derived the sub-subleading
soft photon theorem analyzing two loop amplitudes in scalar QED. Finally, we give the structure of leading
non-analytic contribution to (sub)n-leading classical soft photon and graviton theorems which behave like
u−n(lnu)n−1 for early and late retarded time u.
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1 Introduction and summary
In a theory of quantum gravity, soft graviton theorem gives an amplitude with a set of finite energy external
particles (hard particles) and one or more low energy external gravitons (soft gravitons), in terms of the
amplitude without the low energy gravitons [2–18]. On the other hand, classical limit of multiple soft
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graviton theorem determines the low frequency radiative mode of the gravitational waveform in terms of
the momenta and spin of the macroscopic objects (scattering data) participating in the scattering process,
without the detail knowledge of the interactions responsible for the classical scattering process [19–21].
This is also related to the classical gravitational memory [22–33] after performing Fourier transformation
in the frequency of the gravitational waveform. An analogous inter-connection has been established
between soft photon theorem [2–5,34–40] and electromagnetic memory [41–44].
Since S-matrix for massless theory is IR divergent in four spacetime dimensions, analysis of soft
theorem for loop amplitudes was known to be ambiguous [45–48]. But soft theorem relates two S-
matrices, so one does not need to make individual S-matrices IR-finite, instead one can factor out the
same IR divergent piece from both the S-matrices (if possible) and cancel the IR divergent piece from both
sides in the soft theorem relation1. Using this prescription, soft photon and soft graviton theorems have
been derived in [17] up to subleading order in soft momentum expansion. The soft factor at subleading
order becomes logarithmic in the energy of external soft photon/graviton. This logarithmic soft factor
turns out to be universal and one loop exact. In [17] the authors made an observation that in the Feynman
diagrammatics of loop amplitude if one replaces the Feynman propagator for virtual photon/graviton by
it’s corresponding retarded propagator one gets only the classical soft factor at subleading order which is
proportional to the classical electromagnetic/gravitational waveform2.
A direct evaluation of long wavelength electromagnetic and gravitational waveform has been per-
formed in [1] for a general classical scattering process in the presence of long range electromagnetic and
gravitational force. The strategy for deriving gravitational waveform followed in [1], is iteratively solving
Einstein equation to find the metric fluctuation and geodesic equation to find the correction of asymptotic
trajectories. Then performing Fourier transformation in the frequency of long wavelength gravitational
waveform one finds the DC gravitational memory at leading order and u−1 gravitational tail memory at
subleading order for retarded time u. Here in this work, we have given a systematic extension of the
formalism developed in [1] for deriving classical soft photon and soft graviton theorems up to arbitrary
order in soft momentum expansion. Using this prescription we have explicitly derived classical soft pho-
ton and soft graviton theorem at sub-subleading order which in turn gives us u−2(lnu) tail memory after
Fourier transformation. We have also shown how the same result could also be derived from two loop
amplitudes following [17]. Finally we have given the structure of the leading non-analytic contribution of
(sub)n-leading classical soft photon and soft graviton theorems in terms of some undetermined functions
which reproduce u−n(lnu)n−1 tail memory.
We shall begin by stating our result of classical soft photon theorem, ignoring gravitational interaction.
Consider a scattering process in which M number of objects come in with momenta p′1, p′2, · · · , p′M and
1In the analysis of single soft photon theorem it turns out that the S-matrices with soft photon and without soft photon
have the same IR-divergent piece but for the analysis of soft graviton theorem, the S-matrix with soft graviton contains extra
IR divergent factor relative to S-matrix without soft graviton. Therefore the IR divergent factors do not cancel entirely, but
the extra IR divergent piece can be analyzed using IR regulator [17].
2Recently in [49], the authors derived subleading electromagnetic and gravitational waveform directly from the soft
expansion of electromagnetic and gravitational S-matrices.
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charges q′1, q′2, · · · , q′M undergo complicated interactions3 in a large but finite region of spacetime and
finally disperse to N number of outgoing objects with momenta p1, p2, · · · , pN and charges q1, q2, · · · , qN .
Let R be the region of spacetime of linear size L inside which all the complicated interactions happen
and outside the region R only long range electromagnetic force acts between charged scattered objects.
Now defining the scattering center to be some spacetime point well inside the region R and keeping
the electromagnetic wave detector at distance R from the scattering center, we want to derive the 1R
component of the electromagnetic waveform at large retarded time |u| = |t − R| >> L. We are working
in a unit where the speed of light c = 1. In the large u expansion the leading and subleading order
electromagnetic waveforms are given in [1, 17, 20, 41–44] in four spacetime dimensions. At leading order
the change of the electromagnetic waveform between u = −∞ and u = +∞ turns out to be constant
(velocity kick memory for test charge) and at subleading order the early and late time electromagnetic
waveforms go like u−1 as |u| → ∞ (acceleration memory for test charge). Here extending the analysis
of [1], we derive the leading non-analytic contribution of sub-subleading electromagnetic waveforms at
early and late time. The results are as follows:
∆(2)Aµ(t, R, nˆ) =
1
4piR
ln |u|
u2
[
N∑
a=1
qa
N∑
b=1
b6=a
qaqb
4pi
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
nρ
pa.n
×
{
paµpbρ − paρpbµ
} N∑
c=1
c6=a
qaqc
4pi
p2c
[(pa.pc)2 − p2ap2c ]3/2
{
p2apc.n− pa.pcpa.n
}
−2
N∑
a=1
nαB(2)αµ
(
qa, pa; {qb}, {pb}
)]
+O(u−2) for u→ +∞, (1.1)
∆(2)Aµ(t, R, nˆ) =
1
4piR
ln |u|
u2
[
M∑
a=1
q′a
M∑
b=1
b 6=a
q′aq′b
4pi
p′2a p′2b
[(p′a.p′b)2 − p′2a p′2b ]3/2
nρ
p′a.n
×
{
p′aµp
′
bρ − p′aρp′bµ
} M∑
c=1
c 6=a
q′aq′c
4pi
p′2c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{
p′2a p
′
c.n− p′a.p′cp′a.n
}
−2
M∑
a=1
nαB(2)αµ
(
q′a, p
′
a; {q′b}, {p′b}
)]
+ O(u−2) for u→ −∞, (1.2)
where,
~x ≡ Rnˆ , nµ ≡ (1, nˆ). (1.3)
Above the expression for B(2)αµ
(
qa, pa; {qb}, {pb}
)
takes form,
B(2)αµ
(
qa, pa; {qb}, {pb}
)
= qa
[
paµCα
(
qa, pa; {qb}, {pb}
)− paαCµ(qa, pa; {qb}, {pb})] (1.4)
3This complicated interactions can have fusion, splitting, energy transfer or even quantum number transfer. Our result
will be independent of all these.
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with the expression for Cα
(
qa, pa; {qb}, {pb}
)
4 :
Cα
(
qa, pa; {qb}, {pb}
)
= − 1
4(4pi)2
N∑
b=1
b6=a
N∑
c=1
c 6=a
q2a qbqc
1
[(pa.pb)2 − p2ap2b ]5/2
1
[(pa.pc)2 − p2ap2c ]3/2
p2bp
2
cpa.pb
×
[
{pa.pcpaα − p2apcα}{(pa.pb)2 − p2ap2b}+ 3{p2apbα − pa.pbpaα}{pa.pbpa.pc − p2apb.pc}
]
− 1
4(4pi)2
N∑
b=1
b 6=a
N∑
c=1
c 6=b
qaq
2
b qc
1
[(pb.pc)2 − p2bp2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
(p2b)
2p2c
×
[
{(pa.pb)2 − p2ap2b}{pa.pbpcα − pa.pcpbα} + 3 {p2bpa.pbpa.pcpaα + p2apb.pcpa.pbpbα
−(pa.pb)2pb.pcpaα − p2ap2bpa.pcpbα}
]
. (1.5)
The expression for B(2)αµ
(
q′a, p′a; {q′b}, {p′b}
)
has the same functional form with the arguments having charges
and momenta for incoming objects and the particle sums run over M values. The above result is universal
i.e. theory independent and determined in terms of four momenta and charges of scattered objects. On
the other hand the O
(
u−2
)
correction of the sub-subleading electromagnetic waveform turns out to be
theory dependent. It also depends on the details of the scattering event and on the structures (via
electromagnetic multipole moments) and spins of the objects participating in the scattering process.
The contribution of first two lines in the sub-subleading electromagnetic waveform of eq.(1.1) and
(1.2) describes the effect of electromagnetic radiation due to late and early time acceleration of charged
objects in the background leading electromagnetic field produced by a pair of two charged objects due to
their asymptotic straight line trajectories. On the other hand the contribution B(2)αµ
(
qa, pa; {qb}, {pb}
)
or
B(2)αµ
(
q′a, p′a; {q′b}, {p′b}
)
describes the effect of electromagnetic radiation due to the subleading correction
to the straight line trajectories of charged objects. For massless charged particle scattering process,
sub-subleading electromagnetic waveforms in eq.(1.1) and (1.2) vanish.
Now consider the same scattering setup but take into account the effect of gravitational interaction.
For simplicity we shall consider the scattering objects are charge neutral so that outside the region R only
long range gravitational force acts. So we are interested in deriving the 1R component of the gravitational
waveform at large retarded time |u| >> L. Let us define the deviation of metric from Minkowski metric
as,
hµν(x) ≡ 1
2
(
gµν(x)− ηµν
)
and eµν(x) ≡ hµν(x)− 1
2
ηµν η
ρσhρσ(x) (1.6)
In the large u expansion the leading and subleading order gravitational waveforms are given in [1,20,22–
29,32,33,50–54] in four spacetime dimensions. At leading order the change of the gravitational waveform
between u = −∞ and u = +∞ turns out to be constant and at subleading order the early and late
time gravitational waveforms go like u−1 as |u| → ∞. At sub-subleading order the leading non-analytic
4In the expression of Cα we can remove the terms proportional the paα as those terms ultimately cancel in the expression
of B(2)αµ , but we kept those explicitly to make make direct connection with Feynman diagram analysis as discussed in §4.
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contribution of gravitational waveform has been conjectured in [1] which goes like u−2(lnu) as |u| → ∞
at late and early time. Here extending the analysis of [1], we have given a proof of the conjectured sub-
subleading gravitational waveforms at early and late retarded time u = t − R + 2G lnR
N∑
b=1
pb · n, which
has the following form,
∆(2)e
µν(t, R, nˆ)
=
2G
R
ln |u|
u2
{
2G
N∑
b=1
pb.n
}2( N∑
a=1
pµapνa
pa.n
−
M∑
a=1
p′µa p′νa
p′a.n
)
−4G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} N∑
a=1
[
(2G)
N∑
b=1
b 6=a
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} pµanρ
pa.n
{
pνap
ρ
b − pρapνb
}]
−2G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} M∑
a=1
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
{3
2
p′2a p
′2
b − (p′a.p′b)2
} p′µa nρ
p′a.n
{
p′νa p
′ρ
b − p′ρa p′νb
}]
+
2G
R
ln |u|
u2
N∑
a=1
nρnσ
pa.n
[
(2G)
N∑
b=1
b6=a
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} {
pµap
ρ
b − pρapµb
}]
×
[
(2G)
N∑
c=1
c 6=a
pa.pc
[(pa.pc)2 − p2ap2c ]3/2
{3
2
p2ap
2
c − (pa.pc)2
} {
pνap
σ
c − pσapνc
}]
+O(u−2) for u→ +∞, (1.7)
and
∆(2)e
µν(t, R, nˆ)
=
2G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} M∑
a=1
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
×
{3
2
p′2a p
′2
b − (p′a.p′b)2
} p′µa nρ
p′a.n
{
p′νa p
′ρ
b − p′ρa p′νb
}]
+
2G
R
ln |u|
u2
M∑
a=1
nρnσ
p′a.n
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
{3
2
p′2a p
′2
b − (p′a.p′b)2
} {
p′µa p
′ρ
b − p′ρa p′µb
}]
×
[
(2G)
M∑
c=1
c6=a
p′a.p′c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{3
2
p′2a p
′2
c − (p′a.p′c)2
} {
p′νa p
′σ
c − p′σa p′νc
}]
+O(u−2) for u→ −∞
(1.8)
The gravitational waveform given above at order O
(
u−2 ln |u|
)
is universal i.e. theory independent and
determined in terms of the four momenta of scattered objects. On the other hand the un-determined
O(u−2) gravitational memory depends on the spin angular momenta of the scattered objects as well as on
the details of the scattering region R. As an observational prediction of our result, consider gravitational
radiation from a binary black hole merger, which we can think of as a decay process with bound state of
two black holes as the only initial state and one massive black hole and mass less gravitational radiation
6
are the final states. For this process M = 1 and one final state object is massive, and rest are massless.
In [1], it is already discussed that with the order u−1 gravitational tail memory, the order u−2 ln |u|
gravitational tail memory also vanishes for binary black hole merger problem. So the absence of both
the tail memories for binary black hole merger is the prediction from Einstein gravity. But as discussed
in [1] for supernova explosion, neutron star merger and hyper-velocity star production we can have non-
vanishing finite gravitational tail memory.
The organization of the paper is as follows: In §2 after reviewing the derivation of leading and
subleading classical soft photon theorem, we derive the sub-subleading classical soft photon theorem.
Then extending this formalism we give the structure of leading non-analytic contribution of (sub)n-leading
classical soft photon theorem. In §3 after reviewing the derivation of leading and subleading classical soft
graviton theorem, we derive the sub-subleading classical soft graviton theorem. In §4 we derive sub-
subleading soft photon theorem from the analysis of two loop amplitude and describe it’s connection with
sub-subleading classical soft photon theorem. In §5, first we give a Feynman diagrammatic understanding
of the derivation of sub-subleading soft graviton theorem with the expected result. Then we give the
structure of (sub)n-leading electromagnetic and gravitational waveform for a scattering process where
both electromagnetic and gravitational long range forces act between the scattered objects. Finally we
make some comments on the gravitational tail memory for spinning object scattering.
When this paper was largely complete, a paper [55] appeared where a derivation of sub-subleading
electromagnetic waveform has been attempted by directly using position space Green’s function. But the
results of eq.(1.1) and eq.(1.2) has not been reproduced completely in eq.(61) of [55] after substituting
the expression of fµi from eq.(56) of the same paper. A direct comparison of f
µ
i expression in [55] with
eq.(1.5) shows that the following contribution within the square bracket in the second line of RHS of
eq.(1.5) has been missed in [55]: 3{p2apbα − pa.pbpaα}{pa.pbpa.pc − p2apb.pc}5.
2 Proof of classical soft photon theorem
Consider a scattering process where M number of charged objects come in with masses {m′a}, charges
{q′a}, four velocities {v′a} and four momenta {p′a = m′av′a} for a = 1, 2, · · ·M , undergo complicated
interactions in a finite region of spacetime R and disperse to N number of charged objects with masses
{ma}, charges {qa}, four velocities {va} and four momenta {pa = mava} for a = 1, 2, · · ·N . Choose the
spacetime region R such that outside this region only long range electromagnetic interaction acts between
the charged objects. In this section we are ignoring the long range gravitational interaction between the
charged objects. Here our goal will be to determine late and early time electromagnetic waveform emitted
from this scattering event, at large distance from the scattering center. Let us consider the linear size of
region R be of order L, choose the scattering center well inside the region R and place the detector of
electromagnetic wave at distance R from the scattering center. Then in this setup we want to determine
the 1R component of the electromagnetic waveform for retarded time u >> L. This also translates to
5I am thankful to Sayali Atul Bhatkar for confirming this disagreement.
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Figure 1: A scattering process describing M number of particles are coming into region R, going through
unspecified interaction inside the region R and disperse to N number of particles. Outside the region R
only long range electromagnetic and/or gravitational interaction is present.
determining the radiative mode of gauge field with frequency ω in the range R−1 << ω << L−1. As
discussed in [1, 19–21, 54] the Fourier transformation in time variable of the radiative mode of the gauge
field is related to the Fourier transform of current density determined in terms of the asymptotic trajectory
of scattered objects in the following way,
A˜µ(ω,R, nˆ) ' 1
4piR
eiωR Ĵµ(k) (2.1)
where,
A˜µ(ω, ~x) =
∫ ∞
−∞
dt eiωt Aµ(t, ~x) (2.2)
Ĵµ(k) =
∫
d4x e−ik.x Jµ(t, ~x) (2.3)
and ~x = Rnˆ with nˆ being the unit vector along the direction of detector from the scattering center.
Since L must be bigger than the size of the objects involves in the scattering process and we are
interested in determining electromagnetic waveform with wavelength larger than L, we can treat the
objects involved in the scattering process as particles. This statement is true for determining the leading
non-analytic contribution of (sub)n-leading electromagnetic waveform which turns out to be of order
O(ωn−1(lnω)n) in small ω expansion. But if we want to determine the order O(ωn−1(lnω)k) contribution
of (sub)n-leading electromagnetic waveform for k ≤ n− 1, the point particle assumption breaks down.
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2.1 General setup
For performing the analysis for both ingoing and outgoing objects at one go we use the following compact
notations:
qN+a = −q′a, mN+a = m′a, vN+a = −v′a, pN+a = −p′a, XN+a(σ) = X ′a(−σ) (2.4)
for a = 1, 2, · · · ,M and 0 ≤ σ <∞. Consider the asymptotic trajectory of a’th particle outside the region
R,
Xµa (σ) = r
µ
a + v
µ
aσ + Y
µ
a (σ) (2.5)
with boundary conditions,
Y µa (σ)
∣∣∣∣∣
σ=0
= 0 ,
dY µa (σ)
dσ
∣∣∣∣∣
σ→∞
= 0 (2.6)
where {ra} denotes the set of points where particles’ trajectory intersect the boundary of region R at
σ = 0, as indicated in Fig.1. Now to find the asymptotic trajectory of the particles and the electromagnetic
gauge field we have to solve the following two equations,
ma
d2Xµa (σ)
dσ2
= qa F
µν(Xa(σ))
dXaν(σ)
dσ
(2.7)
∂ρ∂ρAµ(x) = −Jµ(x) (2.8)
where in the last equation above we have used Lorenz gauge condition ∂µA
µ(x) = 0. The current density
in terms of the asymptotic trajectories of the particles is given by,
Jµ(x) =
M+N∑
a=1
qa
∫ ∞
0
dσ δ(4)(x−Xa(σ)) dX
µ
a (σ)
dσ
(2.9)
Here we are using the unit where speed of light c = 1 and the charges {qa} are in unit of
√
α, where α
is the fine structure constant. In this unit q
2ω
M is a dimensionless parameter with q being the parameter
representing charges of scattered particles and M being the parameter representing masses of scattered
particles6. So expansion of any quantity in power of ω is same as expansion of this quantity in powers of
q2. Hence let us expand correction of the straight line trajectory in powers of q2 in the following way,
Y µa (σ) = ∆(1)Y
µ
a (σ) + ∆(2)Y
µ
a (σ) + · · · (2.10)
where ∆(r)Y
µ
a (σ) is of order O(q2r). Now with this correction of trajectory the Fourier transform of the
current density can be expanded as,
Ĵµ(k) = ∆(0)Ĵµ(k) + ∆(1)Ĵµ(k) + ∆(2)Ĵµ(k) + · · · (2.11)
6Actually there could be some other parameters i.e. L, size of charged objects, spins etc. Now using some of this
parameters and ω we can build up some dimensionless quantity but those will not affect the leading non-analytic contribution
to (sub)n-leading electromagnetic waveform in the small ω expansion.
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where ∆(r)Ĵµ(k) is of order O(q2r+1). Similarly the gauge field also has an expansion,
Aµ(x) = ∆(0)Aµ(x) + ∆(1)Aµ(x) + ∆(2)Aµ(x) + · · · (2.12)
where
∆(r)Aµ(x) = −
∫
d4`
(2pi)4
Gr(`) e
i`·x ∆(r)Ĵµ(`) (2.13)
for r = 0, 1, 2, · · · . Here Gr(`) represents the momentum space retarded Greens function,
Gr(`) =
1
(`0 + i)2 − |~`|2
(2.14)
Now from eq.(2.9), the expression of the Fourier transform of current density turns out to be,
Ĵµ(k) =
M+N∑
a=1
qa
∫ ∞
0
dσ e−ik.Xa(σ)
dXaµ(σ)
dσ
=
M+N∑
a=1
qa
∫ ∞
0
dσ e
−i{k.ra+k.vaσ+
∞∑
s=1
k·∆(s)Ya(σ)} [
vaµ +
∞∑
t=1
d∆(t)Yaµ(σ)
dσ
]
=
M+N∑
a=1
qa
∫ ∞
0
dσ e−i{k.ra+k.vaσ}
∞∑
u=0
1
u!
[
− ik ·
∞∑
s=1
∆(s)Ya(σ)
]u [
vaµ +
∞∑
t=1
d∆(t)Yaµ(σ)
dσ
]
≡
∞∑
r=0
∆(r)Ĵµ(k) (2.15)
Here we want to extract the leading non-analytic contribution of ∆(r)Ĵµ(k) in the small ω expansion,
which turns out to be of order O(ωr−1(lnω)r). For the analysis of leading and subleading order we will
closely follow [1], but here we will be brief and organize the results in a different way which will be useful
for the generalization to (sub)n-leading order.
2.2 Derivation of leading order electromagnetic waveform
The leading order current density follows form eq.(2.15),
∆(0)Ĵµ(k) =
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−ik.vaσ vaµ
=
M+N∑
a=1
qa
paµ
i(pa.k − i) e
−ik.ra (2.16)
where for the convergence of the integral at σ = ∞ we need to replace ω → (ω + iηa) where ηa =
±1 for particle-a being outgoing/ingoing. This implies the following replacement in the exponential
k · va → (k · va − i). To extract the leading order contribution in ω expansion, we have to expand
e−ik.ra = 1−ik.ra+ · · · and keep only the leading contribution. Now using the result of eq.(2.1) at leading
order and performing Fourier transformation we recover the known leading electromagnetic memory,
∆(0)Aµ(t, R, nˆ)
∣∣∣
(t−R)→+∞
−∆(0)Aµ(t, R, nˆ)
∣∣∣
(t−R)→−∞
=
1
4piR
[
−
N∑
a=1
qapaµ
pa.n
+
M∑
a=1
q′ap′aµ
p′a.n
]
(2.17)
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2.3 Derivation of subleading order electromagnetic waveform
From the leading order current density in eq.(2.16), the leading gauge field expression becomes,
∆(0)Aµ(x) = −
M+N∑
b=1
∫
d4`
(2pi)4
ei`·(x−rb) Gr(`)
qbpbµ
i(pb.`− i) (2.18)
The expression for the leading order field strength produced due to the asymptotic straight line motion
of particle-b is,
∆(0)F
(b)
νρ (x) = −
∫
d4`
(2pi)4
ei`.(x−rb) Gr(`)
qb
(`.pb − i)(`νpbρ − `ρpbν) (2.19)
For the leading order gauge field in eq.(2.18), leading correction to the straight line trajectory of particle-a
satisfy the following equation of motion,
ma
d2∆(1)Y
µ
a (σ)
dσ2
= qa ∆(0)F
µν(ra + vaσ) vaν (2.20)
where7,
∆(0)F
µν(ra + vaσ) =
M+N∑
b=1
b 6=a
∆(0)F
(b)µν(ra + vaσ). (2.21)
After using the boundary conditions following from eq.(2.6)
∆(1)Y
µ
a (σ)
∣∣∣
σ=0
= 0 ,
d∆(1)Y
µ
a (σ)
dσ
∣∣∣∣∣
σ→∞
= 0 (2.22)
we get,
d∆(1)Y
µ
a (σ)
dσ
= − qa
ma
∫ ∞
σ
dσ′∆(0)Fµν(va σ
′ + ra) vνa (2.23)
∆(1)Y
µ
a (σ) = −
qa
ma
∫ σ
0
dσ′
∫ ∞
σ′
dσ′′∆(0)Fµν(va σ
′′ + ra) vνa (2.24)
From eq.(2.15), the expression of subleading order current density becomes,
∆(1)Ĵµ(k) =
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
[
− ik.∆(1)Ya(σ) vaµ +
d∆(1)Yaµ(σ)
dσ
]
(2.25)
7The self force on the trajectory of charged particles can be neglected up to the order we are working in [56].
11
Now we will analyze each term within the square bracket above separately to extract contribution of order
O(lnω) following [1]. The first term of subleading current density in eq.(2.25) is,
∆
(1)
(1)Ĵµ(k) =
M+N∑
a=1
qae
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
[
− ik.∆(1)Ya(σ) vaµ
]
=
M+N∑
a=1
qa
vaµ
i(k.va − i) e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
[
− ik · d∆(1)Ya(σ)
dσ
]
=
M+N∑
a=1
M+N∑
b=1
b6=a
q2aqb
paµ
pa.k
e−ik.ra
∫
d4`
(2pi)4
Gr(`)e
i`.(ra−rb) 1
`.pb − i
1
`.pa + i
1
(`− k).pa + i
×[`.kpa.pb − `.papb.k]
' −i
M+N∑
a=1
qa
paµ
pa · k kρ
∂
∂paρ
Kclem (2.26)
where,
Kclem = −
i
2
∑
b,c
b 6=c
qbqc
∫ L−1
ω
d4`
(2pi)4
Gr(`)
1
pb.`+ i
1
pc.`− i pb · pc
= − i
2
∑
b,c
b6=c
ηbηc=1
qbqc
4pi
ln
{
L(ω + iηb)
} pb · pc√
(pb.pc)2 − p2bp2c
(2.27)
Here in eq.(2.26), to get the second line of RHS from the first line we have first written e−i(k.va−i)σ ={−i(k.va−i)}−1 ddσe−i(k.va−i)σ, then performed integration by parts to move the σ derivative to the rest of
the integrand after using the boundary conditions of eq.(2.22). To get the last line of RHS from the second
last expression, we approximated the integrand in the integration region |rµa − rµb |−1 ∼ L−1 >> |`µ| >> ω
and the corresponding result is written using ' sign ignoring the O(ω0) contribution. The integration of
eq.(2.27) is explicitly evaluated in [1] and the result is non-vanishing only if both the particles b and c are
incoming/outgoing.
Similarly the second term of subleading current density in eq.(2.25) is evaluated in the following way,
∆
(2)
(1)Ĵµ(k) =
M+N∑
a=1
qae
−ik.ra
∫ ∞
0
dσe−ik.vaσ
d∆(1)Yaµ(σ)
dσ
= −
M+N∑
a=1
M+N∑
b=1
b 6=a
q2aqbe
−ik.ra
∫
d4`
(2pi)4
Gr(`) e
i`.(ra−rb) 1
`.pb − i
1
`.pa + i
1
(`− k).pa + i
×
[
`µpa.pb − pa.`pbµ
]
' +i
M+N∑
a=1
qa
∂
∂pµa
Kclem (2.28)
Here also to get the last line of RHS from the second last expression, we approximated the integrand in the
momentum region L−1 >> |`µ| >> ω and the corresponding result is written using ' sign ignoring the
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O(ω0) contribution. Now summing contributions from both the terms, total subleading current density
at order O(lnω) becomes,
∆(1)Ĵµ(k) ' −i
M+N∑
a=1
qa
kρ
pa · k
(
paµ
∂
∂pρa
− paρ ∂
∂pµa
)
Kclem
=
1
4pi
M+N∑
a=1
M+N∑
b=1
b6=a
ηaηb=1
q2aqb ln{L(ω + iηa)}
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
[
pb.n
pa.n
paµ − pbµ
]
(2.29)
where kµ = ωnµ with n = (1, nˆ). Now using the relation (2.1) at subleading order and performing Fourier
transformation in ω variable we get the following early and late time electromagnetic waveforms [1] after
using the results of the integrations from eq.(C.10) and eq.(C.11) for n = 1,
∆(1)Aµ(t, R, nˆ)
= − 1
4piR
1
u
N∑
a=1
N∑
b=1
b 6=a
q2aqb
4pi
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
[
pb.n
pa.n
paµ − pbµ
]
for u→ +∞, (2.30)
∆(1)Aµ(t, R, nˆ)
=
1
4piR
1
u
M∑
a=1
M∑
b=1
b 6=a
q′2a q′b
4pi
p′2a p′2b
[(p′a.p′b)2 − p′2a p′2b ]3/2
[
p′b.n
p′a.n
p′aµ − p′bµ
]
for u→ −∞. (2.31)
2.4 Derivation of sub-subleading order electromagnetic waveform
Sub-subleading order current density from eq.(2.15) takes the following form,
∆(2)Ĵµ(k)
=
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
[
− ik ·∆(1)Ya(σ)
d∆(1)Yaµ(σ)
dσ
+
1
2
(
− ik ·∆(1)Ya(σ)
)2
vaµ
−ik ·∆(2)Ya(σ)vaµ +
d∆(2)Yaµ(σ)
dσ
]
(2.32)
Now we will analyze each terms within the square bracket above separately to extract contribution of
order O(ω(lnω)2), which turns out to be the leading non-analytic contribution at this order in the small
ω expansion. The first term of sub-subleading current density in eq.(2.32) contributes to,
∆
(1)
(2)Ĵµ(k) =
M+N∑
a=1
qae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
[
− ik ·∆(1)Ya(σ)
d∆(1)Yaµ(σ)
dσ
]
= −ikν
M+N∑
a=1
q3a
m2a
e−ik.ra vρav
α
a
∫ ∞
0
dσ e−i(k.va−i)σ
∫ σ
0
dσ′
∫ ∞
σ′
dσ′′
×
M+N∑
b=1
b 6=a
∫
d4`1
(2pi)4
ei`1.(ra−rb+vaσ
′′)Gr(`1)
qb
`1.pb − i
{
`1νpbρ − `1ρpbν
}
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×
∫ ∞
σ
dσ′′′
M+N∑
c=1
c 6=a
∫
d4`2
(2pi)4
ei`2.(ra−rc+vaσ
′′′)Gr(`2)
qc
`2.pc − i
{
`2µpcα − `2αpcµ
}
(2.33)
Now after using the following integration result in the above expression∫ ∞
0
dσe−i(k.va−i)σ
∫ σ
0
dσ′
∫ ∞
σ′
dσ′′ ei`1.vaσ
′′
∫ ∞
σ
dσ′′′ei`2.vaσ
′′′
=
1
`1.va + i
1
`2.va + i
1
(`2 − k).va + i
1
(`1 + `2 − k).va + i (2.34)
we get,
∆
(1)
(2)Ĵµ(k) = −i
M+N∑
a=1
M+N∑
b=1
b6=a
M+N∑
c=1
c 6=a
q3aqbqce
−ik.ra
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
1
`1.pb − i
1
`1.pa + i
×[`1.kpa.pb − `1.papb.k] ∫ d4`2
(2pi)4
ei`2.(ra−rc)Gr(`2)
1
`2.pc − i
1
`2.pa + i
× 1
(`2 − k).pa + i
[
`2µpa.pc − `2.papcµ
] 1
(`1 + `2 − k).pa + i (2.35)
Now the above expression contributes to order O(ω(lnω)2) in the integration region L−1 >> |`µ1 | >>
|`µ2 | >> ω. In this integration range approximating {(`1 + `2 − k).pa + i}−1 ' {`1.pa + i}−1 and
{(`2 − k).pa + i}−1 ' {`2.pa + i}−1 we get,
∆
(1)
(2)Ĵµ(k) ' −i
M+N∑
a=1
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
q3aqbqc
∫ L−1
ω
d4`1
(2pi)4
Gr(`1)
1
`1.pb − i
1
[`1.pa + i]2
[
`1.kpa.pb − `1.papb.k
]
×
∫ |~`1|
ω
d4`2
(2pi)4
Gr(`2)
1
`2.pc − i
1
[`2.pa + i]2
[
`2µpa.pc − `2.papcµ
]
(2.36)
Now in the above expression the
∫
d4`2 integral can be evaluated first by performing `
0
2 integration using
contour prescription and then by performing the angular integral and finally doing the
∫ |~`1|
ω
d|~`2|
|~`2| integral.
In the result of the
∫
d4`2 integration, the ~`1 dependence turns out ln(|~`1|ω−1). Then following the same
steps for
∫
d4`1, the omega dependence appears as ω×
∫ L−1
ω
d|~`1|
|~`1| ln(|
~`
1|ω−1) = 12ω
{
ln(ωL)
}2
. Clearly the
origin of the half factor is due to the upper limit of
∫
d4`2 integration being |~`1|, which comes from the
momenta ordering |`µ1 | >> |`µ2 |. This suggests that we can also express the contribution of ∆(1)(2)Ĵµ(k),
approximated in the integration region L−1 >> |`µ1 | >> |`µ2 | >> ω, by both
∫
d4`1 and
∫
d4`2 integrals
having lower limit ω and upper limit L−1 with including an overall multiplicative factor of 1/2. Following
this equivalence prescription of organizing the two momentum integrations we get,
∆
(1)
(2)Ĵµ(k) ' −
i
2
M+N∑
a=1
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
q3aqbqc
∫ L−1
ω
d4`1
(2pi)4
Gr(`1)
1
`1.pb − i
1
[`1.pa + i]2
[
`1.kpa.pb − `1.papb.k
]
×
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
`2.pc − i
1
[`2.pa + i]2
[
`2µpa.pc − `2.papcµ
]
=
i
2
M+N∑
a=1
qa
[
∂
∂pµa
Kclem
] [
kσ
∂
∂paσ
Kclem
]
(2.37)
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Similarly the second term in the sub-subleading current density expression (2.32) contributes to,
∆
(2)
(2)Ĵµ(k) =
1
2
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
(
− ik ·∆(1)Ya(σ)
)2
vaµ
=
M+N∑
a=1
qae
−ik.ra 1
i(k.va − i)
∫ ∞
0
dσe−i(k.va−i)σ
{
− ik ·∆(1)Ya(σ)
} {
− ik · d∆(1)Ya(σ)
dσ
}
vaµ
= i
M+N∑
a=1
M+N∑
b=1
b6=a
M+N∑
c=1
c 6=a
q3aqbqc
paµ
pa · ke
−ik.ra
∫
d4`1
(2pi)4
ei`1.(ra−rb) Gr(`1)
1
`1.pa + i
1
`1.pb − i
×
{
k.`1 pa.pb − pa.`1 pb.k
} ∫ d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
`2.pa + i
1
`2.pc − i
×
{
k.`2 pa.pc − pa.`2 pc.k
}
× 1
(`2 − k).pa + i
1
(`1 + `2 − k).pa + i (2.38)
Above to get second line of RHS from the first line we have first written e−i(k.va−i)σ =
{ − i(k.va −
i)
}−1 d
dσe
−i(k.va−i)σ, then performed integration by parts to move the σ derivative to the rest of the
integrand after using the boundary conditions of eq.(2.22). To get the last three lines of RHS from the
second line we have used the result of the integration (2.34). Here also the order O(ω(lnω)2) contribution
comes from the integration region L−1 >> |`µ1 | >> |`µ2 | >> ω. So using the same trick as described below
eq.(2.36) we get,
∆
(2)
(2)Ĵµ(k) '
i
2
M+N∑
a=1
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
q3aqbqc
paµ
pa · k
∫ L−1
ω
d4`1
(2pi)4
Gr(`1)
1[
`1.pa + i
]2 1`1.pb − i
×
{
k.`1 pa.pb − pa.`1 pb.k
} ∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1[
`2.pa + i
]2 1`2.pc − i
×
{
k.`2 pa.pc − pa.`2 pc.k
}
= − i
2
M+N∑
a=1
qa
paµ
pa · k
[
kρ
∂
∂paρ
Kclem
] [
kσ
∂
∂paσ
Kclem
]
(2.39)
The third and fourth terms within the square bracket in eq.(2.32) also contribute to order O(ω(lnω)2) as
explicitly evaluated in appendix-A. Summing the contributions of eq.(A.7) and eq.(A.9) we get,
∆
(3)
(2)Ĵµ(k) + ∆
(4)
(2)Ĵµ(k)
' (−i)
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
kαB(2)αµ
(
qa, pa; {qb}, {pb}
)
(2.40)
where
B(2)αµ
(
qa, pa; {qb}, {pb}
)
= qa
[
paµCα
(
qa, pa; {qb}, {pb}
)− paαCµ(qa, pa; {qb}, {pb})] (2.41)
with the expression for Cα
(
qa, pa; {qb}, {pb}
)
:
Cα
(
qa, pa; {qb}, {pb}
)
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= − 1
4(4pi)2
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=a
ηaηc=1
q2a qbqc
1
[(pa.pb)2 − p2ap2b ]5/2
1
[(pa.pc)2 − p2ap2c ]3/2
p2bp
2
cpa.pb
×
[
{pa.pcpaα − p2apcα}{(pa.pb)2 − p2ap2b}+ 3{p2apbα − pa.pbpaα}{pa.pbpa.pc − p2apb.pc}
]
− 1
4(4pi)2
M+N∑
b=1
b 6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
qaq
2
b qc
1
[(pb.pc)2 − p2bp2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
(p2b)
2p2c
×
[
{(pa.pb)2 − p2ap2b}{pa.pbpcα − pa.pcpbα} + 3 {p2bpa.pbpa.pcpaα + p2apb.pcpa.pbpbα
−(pa.pb)2pb.pcpaα − p2ap2bpa.pcpbα}
]
(2.42)
Now summing over the contributions of eq.(2.37), (2.39) and (2.40), we get the following expression for
the total sub-subleading current density at order O(ω(lnω)2),
∆(2)Ĵµ(k) = ∆
(1)
(2)Ĵµ(k) + ∆
(2)
(2)Ĵµ(k) + ∆
(3)
(2)Ĵµ(k) + ∆
(4)
(2)Ĵµ(k)
= − i
2
M+N∑
a=1
[
qa
kρ
pa · k
(
paµ
∂
∂pρa
− paρ ∂
∂pµa
)
Kclem
] [
kσ
∂
∂paσ
Kclem
]
−i
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
kαB(2)αµ
(
qa, pa; {qb}, {pb}
)
+O(ω lnω) (2.43)
Now using the relation (2.1), the radiative component of the sub-subleading order electromagnetic wave-
form becomes,
∆(2)A˜µ(ω,R, nˆ) = iω{ln(ω + i)}2
1
4piR
eiωR
[
1
2
N∑
a=1
qa
N∑
b=1
b6=a
qaqb
4pi
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
nρ
pa.n
×
{
paµpbρ − paρpbµ
} N∑
c=1
c 6=a
qaqc
4pi
p2c
[(pa.pc)2 − p2ap2c ]3/2
{
p2apc.n− pa.pcpa.n
}
−
N∑
a=1
nαB(2)αµ
(
qa, pa; {qb}, {pb}
)]
− iω{ln(ω − i)}2 1
4piR
eiωR
[
1
2
M∑
a=1
q′a
M∑
b=1
b 6=a
q′aq′b
4pi
p′2a p′2b
[(p′a.p′b)2 − p′2a p′2b ]3/2
nρ
p′a.n
×
{
p′aµp
′
bρ − p′aρp′bµ
} M∑
c=1
c 6=a
q′aq′c
4pi
p′2c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{
p′2a p
′
c.n− p′a.p′cp′a.n
}
−
M∑
a=1
nαB(2)αµ
(
q′a, p
′
a; {q′b}, {p′b}
)]
(2.44)
Above the expression of B(2)αµ
(
qa, pa; {qb}, {pb}
)
is same as the one given in eq.(2.41) but with the particle
sums running over only outgoing objects and the expression of B(2)αµ
(
q′a, p′a; {q′b}, {p′b}
)
takes the same
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functional form as in eq.(2.41) with the sums running over only incoming objects. Now taking Fourier
transformation in ω variable and using the results of integration (C.10) and (C.11) for n = 2, we find the
following late and early time sub-subleading electromagnetic waveform:
∆(2)Aµ(t, R, nˆ) =
1
4piR
ln |u|
u2
[
N∑
a=1
qa
N∑
b=1
b6=a
qaqb
4pi
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
nρ
pa.n
×
{
paµpbρ − paρpbµ
} N∑
c=1
c6=a
qaqc
4pi
p2c
[(pa.pc)2 − p2ap2c ]3/2
{
p2apc.n− pa.pcpa.n
}
−2
N∑
a=1
nαB(2)αµ
(
qa, pa; {qb}, {pb}
)]
+ O(u−2) for u→ +∞, (2.45)
∆(2)Aµ(t, R, nˆ) =
1
4piR
ln |u|
u2
[
M∑
a=1
q′a
M∑
b=1
b 6=a
q′aq′b
4pi
p′2a p′2b
[(p′a.p′b)2 − p′2a p′2b ]3/2
nρ
p′a.n
×
{
p′aµp
′
bρ − p′aρp′bµ
} M∑
c=1
c 6=a
q′aq′c
4pi
p′2c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{
p′2a p
′
c.n− p′a.p′cp′a.n
}
−2
M∑
a=1
nαB(2)αµ
(
q′a, p
′
a; {q′b}, {p′b}
)]
+O(u−2) for u→ −∞, (2.46)
with ~x = Rnˆ, n = (1, nˆ) and u = t−R.
2.5 Structure of (sub)n-leading electromagnetic waveform
In this subsection we derive the leading non-analytic contribution of (sub)n-leading electromagnetic wave-
form up to some un-determined gauge invariant function. Before analyzing the contribution of (sub)n-
leading current density, let us list some useful observations from the last three subsections.
1. If we compare the expression of leading current density in eq.(2.16) to the first term within the square
bracket of subleading current density in eq.(2.25), we find an extra factor of
{
−ik ·∆(1)Ya(σ)
}
in the
integrand of the first term of eq.(2.25) relative to eq.(2.16). The effect of this extra factor produces
an extra contribution of kρ ∂
∂pρa
Kclem relative to the contribution of (2.16) as we can see from the
contribution of eq.(2.26). Similarly eq.(2.33) contains an extra factor of
{
− ik ·∆(1)Ya(σ)
}
relative
to eq.(2.28) and this gives an extra contribution of kρ ∂
∂pρa
Kclem in eq.(2.35) relative to eq.(2.28) with
a numerical factor 12 due to momentum ordering of two integrals.
2. For the analysis of the terms containing ∆(2)Ya(σ) in the integrand of sub-subleading current density
in eq.(2.32), we need to use the expression of subleading gauge field ∆(1)Aµ(x) as explicitly analyzed
in appendix-A. We also found that sum of the contributions from those terms is gauge invariant by
itself. So we expect that in the analysis of (sub)n-leading current density the part of the integrand
containing ∆(r)Ya(σ) for r ≥ 2 similarly contributes to order O
(
ωn−1(lnω)n
)
and the contribution
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will be gauge invariant by itself. But we will not be able to analyze those terms since for that we
need the expressions of the gauge fields
{
∆(r)Aµ(x)
}
for r = 1, ..., n − 1, which we don’t have yet
beyond r = 2. So we write the contribution from the analysis of those terms in terms of some
undetermined function of momenta and charges, which can be derived by the method of induction.
The (sub)n-leading current density from eq.(2.15) turns out to be,
∆(n)Ĵµ(k) =
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
[
1
(n− 1)!
{
− ik ·∆(1)Ya(σ)
}n−1 d∆(1)Yaµ(σ)
dσ
+
1
n!
{
− ik ·∆(1)Ya(σ)
}n
vaµ
]
+ ∆rest(n) Ĵµ(k) (2.47)
where ∆rest(n) Ĵµ(k) contains terms ∆(r)Ya(σ) for r ≥ 2 within the σ integral. Now for the second term
within the square bracket above, if we first write e−i(k.va−i)σ =
{ − i(k.va − i)}−1 ddσe−i(k.va−i)σ and
perform integration by parts to move the σ derivative to the rest of the integrand after using the boundary
conditions of eq.(2.22) we get,
∆(n)Ĵµ(k) '
1
(n− 1)!
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
{
− ik ·∆(1)Ya(σ)
}n−1 [ d∆(1)Yaµ(σ)
dσ
+
1
i(k.va − i)
{
− ik · d∆(1)Ya(σ)
dσ
}
vaµ
]
+ ∆rest(n) Ĵµ(k) (2.48)
The first term within the square bracket contributes to,
∆
(1)
(n)Ĵµ(k)
=
1
(n− 1)!
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
n−1∏
i=1
[
(−i) qaqbi
ma
M+N∑
bi=1
bi 6=a
∫
d4`i
(2pi)4
×ei`i.(ra−rbi ) Gr(`i) 1
`i.pbi − i
1
(`i.va + i)2
{
`i.kpbi .va − `i.vapbi .k
} [
ei`i.vaσ − 1
] ]
×
M+N∑
bn=1
bn 6=a
iqaqbn
ma
∫
d4`n
(2pi)4
ei`n.(ra−rbn )Gr(`n)
1
`n.pbn − i
1
`n.va + i
×
{
`nµpbn .va − `n.vapbnµ
}
ei`n.vaσ (2.49)
Now the above expression contributes to order O(ωn−1(lnω)n) in (n− 1)! numbers of integration region:
L−1 >> P{`1 >> `2 >> · · · >> `n−1} >> `n >> ω, where P denotes all possible permutations of `i’s
within the parentheses. In any of this (n− 1)! integration regions the leading contribution in ω expansion
from the following integration becomes,∫ ∞
0
dσe−i(k.va−i)σ
n−1∏
i=1
[
ei(`i.va+i)σ − 1
]
ei`n.vaσ ' i(−1)n−1 1
`n.va + i
(2.50)
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Now substituting the result of the above integral in eq.(2.49), we find same contribution from all the
integration regions. So the total contribution will be (n − 1)! times the contribution from one of the
region, say L−1 >> `1 >> `2 >> · · · >> `n−1 >> `n >> ω. Now using the procedure described below
eq.(2.36), the expression can also be written with all the n number of integrating momenta run from ω
to L−1 by the cost of an overall 1n! . Performing all these steps we find,
∆
(1)
(n)Ĵµ(k) '
i
n!
M+N∑
a=1
qa
n−1∏
i=1
[
i qaqbi
M+N∑
bi=1
bi 6=a
∫ L−1
ω
d4`i
(2pi)4
Gr(`i)
1
`i.pbi − i
1
(`i.pa + i)2
×
{
`i.kpbi .pa − `i.papbi .k
}] M+N∑
bn=1
bn 6=a
(iqaqbn)
∫ L−1
ω
d4`n
(2pi)4
Gr(`n)
1
`n.pbn − i
× 1
(`n.pa + i)2
{
`nµpbn .pa − `n.papbnµ
}
=
i
n!
M+N∑
a=1
qa
[
∂
∂pµa
Kclem
] [
kσ
∂
∂paσ
Kclem
]n−1
(2.51)
Now if we compare the above expression with the second term in the sub-leading current density in
eq.(2.28), we find that in the above expression the integrand contains an extra multiplicative factor of
1
(n−1)!
{
−ik·∆(1)Ya(σ)
}n−1
relative to the integrand of eq.(2.28). This suggest to include an extra factor of
1
n!
(
kσ ∂∂pσa
Kclem
)n−1
in the contribution of ∆(n)Ĵµ(k) relative to the contribution of ∆
(2)
(1)Ĵµ(k) following our
first observation in the beginning of this subsection. So the above derivation gives a direct generalization
of the first observation made in the beginning of this subsection. An analogous analysis for the second
term within the square bracket of eq.(2.48) gives the following contribution at order O(ωn−1(lnω)n),
∆
(2)
(n)Ĵµ(k) ' −i
1
n!
M+N∑
a=1
qa
paµ
pa.k
[
kσ
∂
∂paσ
Kclem
]n
(2.52)
The contribution of ∆rest(n) Ĵµ(k) has not been evaluated explicitly due to the reason explained in the second
observation in the beginning of this subsection but the general form follows from gauge invariance [57–59],
∆rest(n) Ĵµ(k) ' (−i)
M+N∑
a=1
ωn−1
{
ln
(
(ω + iηa)L
)}n
nα1nα2 · · ·nαn−1B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
(2.53)
with the property that B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
is anti-symmetric in µ and any one of the αr indices
for r = 1, · · · , n− 1. We expect that B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
will be independent of the details of
the scattering event as well as will be independent of the nature of short range forces acting between the
scattered objects inside region R. After summing all the contributions, the O(ωn−1(lnω)n) contribution
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of ∆(n)Ĵµ(k) becomes,
∆(n)Ĵµ(k) ' −i
M+N∑
a=1
[
qa
kρ
pa · k
(
paµ
∂
∂pρa
− paρ ∂
∂pµa
)
Kclem
]
× 1
n!
[
kσ
∂
∂paσ
Kclem
]n−1
−i
M+N∑
a=1
ωn−1
{
ln
(
(ω + iηa)L
)}n
nα1nα2 · · ·nαn−1B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
= (−i)
M+N∑
a=1
ωn−1
(
ln
{
L(ω + iηa)
})n[ i
4pi
M+N∑
b=1
b 6=a
ηaηb=1
q2aqb
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
× n
ρ
pa.n
{
paµpbρ − paρpbµ
}]
× 1
n!
[
i
4pi
M+N∑
c=1
c6=a
ηaηc=1
qaqc
p2c
[(pa.pc)2 − p2ap2c ]3/2
{
p2apc.n− pa.pcpa.n
}]n−1
−i
M+N∑
a=1
ωn−1
{
ln
(
(ω + iηa)L
)}n
nα1nα2 · · ·nαn−1B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
(2.54)
Now using the relation of eq.(2.1) at (sub)n-leading order, performing Fourier transformation in ω variable
and using the results of Fourier transformations (C.10),(C.11) we get the following late and early time
electromagnetic waveform,
∆(n)Aµ(t, R, nˆ)
=
(−1)n
4piR
(
ln |u|)n−1
un
N∑
a=1
[
1
4pi
N∑
b=1
b6=a
q2aqb
p2ap
2
b
[(pa.pb)2 − p2ap2b ]3/2
nρ
pa.n
{
paµpbρ − paρpbµ
}]
×
[
1
4pi
N∑
c=1
c 6=a
qaqc
p2c
[(pa.pc)2 − p2ap2c ]3/2
{
p2apc.n− pa.pcpa.n
}]n−1
+
(i)n
4piR
(
ln |u|)n−1
un
n!
N∑
a=1
nα1nα2 · · ·nαn−1B(n)α1α2···αn−1µ
(
qa, pa; {qb}, {pb}
)
+ O
(
u−n(ln |u|)n−2
)
for u→ +∞ (2.55)
and
∆(n)Aµ(t, R, nˆ)
=
1
4piR
(
ln |u|)n−1
un
M∑
a=1
[
1
4pi
M∑
b=1
b6=a
q′2a q
′
b
p′2a p′2b
[(p′a.p′b)2 − p′2a p′2b ]3/2
nρ
p′a.n
{
p′aµp
′
bρ − p′aρp′bµ
}]
×
[
1
4pi
M∑
c=1
c 6=a
q′aq
′
c
p′2c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{
p′2a p
′
c.n− p′a.p′cp′a.n
}]n−1
+(−1)n (i)
n
4piR
(
ln |u|)n−1
un
n!
M∑
a=1
nα1nα2 · · ·nαn−1B(n)α1α2···αn−1µ
(
q′a, p
′
a; {q′b}, {p′b}
)
+ O
(
u−n(ln |u|)n−2
)
for u→ −∞ (2.56)
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Above form the reality of electromagnetic waveform, we expect that (i)nB(n) is real and from momentum
and charge power counting B(n)(− qa,−pa; {−qb}, {−pb}) = (−1)n−1B(n)(qa, pa; {qb}, {pb}).
3 Proof of classical soft graviton theorem
Consider the same scattering process as described in §2 but for simplicity consider the scattered objects
are charge neutral. Now the region R is chosen such that all complicated interactions take place inside
spacetime region R and outside only long range gravitational interaction is present as described in Fig.1.
We define the scattering center be a spacetime point well inside the region R of linear size L and place
the detector of gravitational wave at distance R from the scattering center. Then our goal is to determine
the 1R component of gravitational waveform for retarded time u >> L. This translates to determining
the radiative mode gravitational waveform with frequency ω in the range R−1 << ω << L−1. Let us
define the deviation of metric from Minkowski metric as,
hµν(x) ≡ 1
2
(
gµν(x)− ηµν
)
and eµν(x) ≡ hµν(x)− 1
2
ηµν η
ρσhρσ(x) (3.1)
Now following [1,19–21,54], the radiative component of the trace reversed metric fluctuation is related to
the Fourier transform of the total energy-momentum tensor Tµν(x) in the following way,
e˜µν(ω,R, nˆ) ' 2G
R
eiωR T̂µν(k) (3.2)
where,
e˜µν(ω, ~x) =
∫ ∞
−∞
dt eiωt eµν(t, ~x) (3.3)
T̂µν(k) =
∫
d4x e−ik.x Tµν(t, ~x) (3.4)
and ~x = Rnˆ , kµ = ωnµ = ω(1, nˆ) with nˆ being the unit vector along the direction of the detector from
the scattering center.
3.1 General setup
We use the following compact notations for analyzing ingoing and outgoing particles’ trajectories as done
in §2.1,
mN+a = m
′
a, vN+a = −v′a, pN+a = −p′a, XN+a(σ) = X ′a(−σ) (3.5)
for a = 1, 2, · · · ,M and 0 ≤ σ <∞. Consider the asymptotic trajectory of a’th object outside the region
R,
Xµa (σ) = r
µ
a + v
µ
aσ + Y
µ
a (σ) (3.6)
where rµa denotes the point on the boundary of the region R where particle-a enters or exits region R at
σ = 0. Y µa (σ) satisfies the following boundary conditions,
Y µa (σ)
∣∣∣∣∣
σ=0
= 0 ,
dY µa (σ)
dσ
∣∣∣∣∣
σ→∞
= 0 (3.7)
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Now we have to solve Einstein equation and geodesic equation8 iteratively to determine gravitational
waveform in terms of the scattering data.
√
−det g
(
Rµν − 1
2
R gµν
)
= 8piG TXµν (3.8)
d2Xµa (σ)
dσ2
+ Γµνρ(Xa(σ))
dXνa (σ)
dσ
dXρa(σ)
dσ
= 0 (3.9)
where TXµν is the matter energy-momentum tensor given by9,
TXµν(x) =
M+N∑
a=1
ma
∫ ∞
0
dσ
dXµa (σ)
dσ
dXνa (σ)
dσ
δ(4)(x−Xa(σ)) (3.10)
In de Donder gauge ηρµ∂ρeµν = 0, the Einstein eq.(3.8) takes the following form,
ηρσ∂ρ∂σe
µν(x) = −8piG
(
TXµν(x) + T hµν(x)
)
≡ −8piG Tµν(x) (3.11)
where T hµν(x) is the gravitational energy-momentum tensor defined as,
T hµν ≡ − 1
8piG
[√
−det g
(
Rµν − 1
2
R gµν
)
+ ηρσ∂ρ∂σe
µν
]
(3.12)
Here we are following the unit convention c = 1 and in this unit GMω is a dimensionless quantity,
where ω is frequency of soft gravitational radiation and M is the parameter representing masses of
scattered objects10. So expansion in power of ω is same as expansion in power of gravitational constant
G. Let us expand the Fourier transform of total energy momentum tensor in a power series expansion of
G,
T̂µν(k) = ∆(0)T̂
µν(k) + ∆(1)T̂
µν(k) + ∆(2)T̂
µν(k) + · · · (3.13)
where ∆(r)T̂
µν(k) is of order (G)r in gravitational constant expansion. Similarly the correction to the
straight line trajectory has an expansion in power of G,
Y µa (σ) = ∆(1)Y
µ
a (σ) + ∆(2)Y
µ
a (σ) + ∆(3)Y
µ
a (σ) + · · · (3.14)
where ∆(r)Y
µ
a (σ) is of order (G)r in gravitational constant expansion. This implies that the trace reversed
metric fluctuation has the following expansion in power of G if we use (3.11),
eµν(x) = ∆(0)eµν(x) + ∆(1)eµν(x) + ∆(2)eµν(x) + ∆(3)eµν(x) + · · · (3.15)
8If the scattered objects have some internal structure and spin the geodesic equation will modify accordingly, but as we
discuss in §5.3, they do not affect our result to the order we are working in.
9The matter energy-momentum tensor written here is for non-spinning point like objects. Presence of spin and internal
structure will modify the TX , but as we discuss in §5.3, internal structure and spin don’t affect our results to the order we
are working in.
10Actually there could be some other parameters in the theory e.g. impact parameter ∼ |ra − rb| ∼ L , Spin Σa, internal
structure of the objects in terms of multipole moments etc. So using combination of those and ω one can form some
dimensionless parameters, but we expect that those will not affect the leading non-analytic (sub)n-leading gravitational
waveform in ω expansion.
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where
∆(r)eµν(x) = −8piG
∫
d4`
(2pi)4
Gr(`) e
i`.x ∆(r)T̂µν(`). (3.16)
This implies ∆(r)eµν(x) is of order (G)
r+1 in gravitational constant expansion. Analogous to the analysis
of electromagnetic waveform case here we expect that the leading non-analytic contribution of ∆(n)T̂
µν(k)
should be of order ωn−1(lnω)n in small ω expansion and for extracting gravitational waveform at this
order we can treat the scattered objects as non-spinning point particles11.
Fourier transform of matter energy momentum tensor in terms of corrected trajectory takes the
following form,
T̂Xµν(k) =
∫
d4x e−ik.x TXµν(x)
=
M+N∑
a=1
ma
∫ ∞
0
dσ e−ik·Xa(σ)
dXµa (σ)
dσ
dXνa (σ)
dσ
=
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−ik·vaσ
∞∑
w=0
1
w!
{
− ik ·
∞∑
s=1
∆(s)Ya(σ)
}w
×
{
vµa +
∞∑
t=1
d∆(t)Y
µ
a (σ)
dσ
} {
vνa +
∞∑
u=1
d∆(u)Y
ν
a (σ)
dσ
}
≡
∞∑
r=0
∆(r)T̂
Xµν(k) (3.17)
The gravitational energy-momentum tensor at order (G)r have the following kind of dependence on
{∆(s)eµν},
∆(r)T
hµν(x) ∼ 1
8piG
[
∂∂(∆(0)e)
r+1 + ∂∂{(∆(0)e)r−1∆(1)e} + · · ·+ ∂∂{(∆(0)e)(∆(r−1)e)}
]
(3.18)
where ∂∂ above is just showing that each term in gravitational energy-momentum tensor has two deriva-
tives on metric fluctuation12 and the various {∆(s)e} dependence is fixed from the requirement of ∆(r)T hµν(x)
should be of order (G)r. For r = 1 and r = 2 the expressions for energy-momentum tensor are explicitly
given in appendix-D.
Though our final goal is to determine the sub-subleading gravitational waveform at order O(ω(lnω)2),
to set up the stage we will go through the derivation of subleading order gravitational waveform briefly
following [1] as some of the subleading order results are needed for the analysis of sub-subleading order
energy-momentum tensor.
11This is along the same line of thought as discussed in [54,60–73]. We justify this claim in §5.3
12Here we are considering the theory of gravity is general relativity without any higher derivative corrections. If one
includes higher derivative corrections to the Einstein-Hilbert action, those contribute to terms in the gravitational energy-
momentum tensor having four or more derivatives acting on the metric fluctuations. One can explicitly show that these
higher derivative terms will not contribute to the order O(ωn−1(lnω)n) in the analysis of ∆(n)T̂hµν(k).
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3.2 Derivation of leading order gravitational waveform
Fourier transform of the leading order matter energy-momentum tensor from eq.(3.17) takes form,
∆(0)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−ik·vaσ vµav
ν
a
=
M+N∑
a=1
pµapνa
i(pa.k − i) e
−ik.ra (3.19)
Similar to §2.2, from the convergence of the integral at σ = ∞ for both ingoing and outgoing particles
we need to replace ω → (ω + iηa) where ηa = ±1 for particle-a being outgoing/ingoing. This implies
the following replacement in the exponential k · va → (k · va − i) which we will use from now on. The
gravitational energy momentum tensor at this order vanishes. Now using the relation (3.2) for the leading
energy-momentum tensor and performing Fourier transformation in ω variable we get the expected DC
gravitational memory [1, 22–32],
eµν(t, R, nˆ)
∣∣∣
(t−R)→∞
− eµν(t, R, nˆ)
∣∣∣
(t−R)→−∞
=
2G
R
[
−
N∑
a=1
pµapνa
pa.n
+
M∑
a=1
p′µa p′νa
p′a.n
]
(3.20)
Now from the leading order energy momentum tensor in eq.(3.19), the leading order metric fluctuation
takes the form,
∆(0)eµν(x) = −8piG
M+N∑
a=1
∫
d4`
(2pi)4
Gr(`) e
i`.(x−ra) paµpaν
i(pa.`− i) (3.21)
∆(0)hµν(x) = −8piG
M+N∑
a=1
∫
d4`
(2pi)4
Gr(`) e
i`.(x−ra)
{
paµpaν − 12p2aηµν
}
i(pa.`− i) (3.22)
The leading order Christoffel connection produced due to the asymptotic straight line trajectory of particle
b is given by,
∆(0)Γ
(b)α
βγ (x) = ∂β∆(0)h
(b)α
γ + ∂γ∆(0)h
(b)α
β − ∂α∆(0)h(b)βγ
= −8piG
∫
d4`
(2pi)4
Gr(`) e
i`.(x−rb) 1
pb.`− i
[{
`βp
α
b pbγ + `γp
α
b pbβ − `αpbβpbγ
}
−1
2
p2b
{
`βδ
α
γ + `γδ
α
β − `αηβγ
}]
(3.23)
3.3 Derivation of subleading order gravitational waveform
For the leading order metric fluctuation in eq.(3.22), leading correction to the straight line trajectory of
particle-a satisfies the following geodesic equation as follows from eq.(3.9),
d2∆(1)Y
µ
a (σ)
dσ2
= −∆(0)Γµνρ(ra + vaσ) vνavρa (3.24)
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where13
∆(0)Γ
µ
νρ(ra + vaσ) =
M+N∑
b=1
b 6=a
∆(0)Γ
(b)µ
νρ (ra + vaσ). (3.25)
Now after using the boundary conditions
∆(1)Y
µ
a (σ)
∣∣∣
σ=0
= 0 ,
d∆(1)Y
µ
a (σ)
dσ
∣∣∣∣∣
σ→∞
= 0, (3.26)
in eq.(3.24) and performing integration in σ variable we get,
d∆(1)Y
µ
a (σ)
dσ
=
∫ ∞
σ
dσ′∆(0)Γµνρ(va σ
′ + ra) vνav
ρ
a (3.27)
∆(1)Y
µ
a (σ) =
∫ σ
0
dσ′
∫ ∞
σ′
dσ′′∆(0)Γµνρ(va σ
′′ + ra) vνav
ρ
a (3.28)
The expression for the subleading order matter energy-momentum tensor from eq.(3.17) takes form,
∆(1)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k·va−i)σ
[{
− ik ·∆(1)Ya(σ)
}
vµav
ν
a
+ vµa
d∆(1)Y
ν
a (σ)
dσ
+ vνa
d∆(1)Y
µ
a (σ)
dσ
]
(3.29)
For the analysis of this matter energy-momentum tensor we will be very brief and follow ref. [1] mostly
but analyze the terms within the square bracket separately and organize the results in a different way
which will help us to get the structure to higher order matter energy-momentum tensor contribution in
small ω expansion. In the first term within the square bracket of eq.(3.29) if we first replace e−i(k.va−i)σ ={− i(k.va − i)}−1 ddσe−i(k.va−i)σ and then perform integration by parts to move the σ derivative to the
rest of the integrand after using the boundary conditions from eq.(3.26), we get the following contribution,
∆
(1)
(1)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra v
µ
avνa
i(k.va − i)
∫ ∞
0
dσ e−i(k.va−i)σ
{
− ik · d∆(1)Ya(σ)
dσ
}
= −(8piG)
M+N∑
a=1
M+N∑
b=1
b6=a
e−ik.ra
pµapνa
pa.k
∫
d4`
(2pi)4
ei`.(ra−rb) Gr(`)
1
pb.`− i
1
pa.`+ i
1
pa.(`− k) + i
[{
2pa.pbpb.kpa.`− (pa.pb)2k.`
}
− 1
2
p2b
{
2pa.`pa.k − p2ak.`
}]
' −i
M+N∑
a=1
pµapνa
pa.k
kρ
∂
∂pρa
Kclgr (3.30)
where in the last line above we have approximated the integrand in the integration range L−1 >>
|`µ| >> ω and written the approximated result using ' sign. The expression for Kclgr is given below and
13The effect of self force will not be important to the order we are working in [74].
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the integration is explicitly evaluated in [1],
Kclgr = −
i
2
(8piG)
∑
b,c
c 6=b
∫ L−1
ω
d4`
(2pi)4
Gr(`)
1
pb.`+ i
1
pc.`− i
{
(pb.pc)
2 − 1
2
p2bp
2
c
}
= − i
2
(2G)
∑
b,c
c6=b
ηbηc=1
ln
{
L(ω + iηb)
} (pb.pc)2 − 12p2bp2c√
(pb.pc)2 − p2bp2c
(3.31)
Performing an analogous analysis for the second term within the square bracket of eq.(3.29) we get,
∆
(2)
(1)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ vµa
d∆(1)Y
ν
a (σ)
dσ
= (8piG)
M+N∑
a=1
M+N∑
b=1
b 6=a
e−ik.rapµa
∫
d4`
(2pi)4
ei`.(ra−rb) Gr(`)
1
pb.`− i
1
pa.`+ i
1
pa.(`− k) + i
[{
2pa.pbpa.`p
ν
b − (pa.pb)2`ν
}
− 1
2
p2b
{
2pa.`p
ν
a − p2a`ν
}]
' i
M+N∑
a=1
pµa
∂
∂paν
Kclgr (3.32)
where in the last line above we have approximated the integrand in the integration range L−1 >> |`µ| >>
ω under the sign '. Similarly in this integration range the third term within the square bracket of eq.(3.29)
contributes,
∆
(3)
(1)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ vνa
d∆(1)Y
µ
a (σ)
dσ
' i
M+N∑
a=1
pνa
∂
∂paµ
Kclgr (3.33)
Hence the order O(lnω) contribution from subleading order matter energy-momentum tensor becomes,
∆(1)T̂
Xµν(k) = (−i)
M+N∑
a=1
pµakρ
pa.k
(
pνa
∂
∂paρ
− pρa
∂
∂paν
)
Kclgr + i
M+N∑
a=1
pνa
∂
∂paµ
Kclgr (3.34)
Fourier transform of subleading order gravitational energy-momentum tensor follows from (D.13),
∆(1)T̂
hµν(k) = −(8piG)
M+N∑
a,b=1
e−ik.rb
∫
d4`
(2pi)4
ei`.(rb−ra) Gr(k − `)Gr(`) 1
pa.`− i
1
pb.(k − `)− i
×
{
paαpaβ − 1
2
p2aηαβ
}
Fµν,αβ,ρσ(k, `)
{
pbρpbσ − 1
2
p2bηρσ
}
(3.35)
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where,
Fµν,αβ,ρσ(k, `)
= 2
[ 1
2
`µ(k − `)νηραησβ + (k − `)µ(k − `)νηραησβ − (k − `)ν(k − `)βηραησµ
−(k − `)µ(k − `)βηραησν + (k − `)α(k − `)βηρµησν + (k − `).`ηβνηαρησµ − `ρ(k − `)αηβνησµ
−1
2
(k − `)2ηαµηβνηρσ + ηαµηβρηνσ(k − `)2 + ηανηβρηµσ(k − `)2
]
−ηµν
[ 3
2
(k − `).`ηραησβ + 2(k − `)2ηραησβ − `σ(k − `)αηρβ
]
−ηαβ(k − `)2ηρµησν + 1
2
ηαβ(k − `)2ηρσηµν . (3.36)
Now following [1], ∆(1)T̂
hµν(k) contributes to lnω in two integration regions. In the integration region
R−1 << |`µ| << ω with R being the distance of the detector from the scattering center, we can approxi-
mate Fµν,αβ,ρσ(k, `) up to gauge equivalence as,
Fµν,αβ,ρσ(k, `) ≈ −2kσkβηαρηµν + 2kαkβηµρηνσ (3.37)
Then the contribution from this integration region turns out to be,
∆
(1)
(1)T̂
hµν(k) = −2G ln
{
(ω + i)R
} N∑
b=1
pb · k
M+N∑
a=1
pµapνa
pa.k
(3.38)
In the integration region ω << |`µ| << L−1, Fµν,αβ,ρσ(k, `) can be approximated with the terms quadratic
in `. While evaluating this integral one will encounter a linearly divergent term in this region which
can be identified with the leading order energy-momentum tensor for soft radiation from finite energy
gravitational radiation. Since this kind of contribution is already taken care of inside the finite energy
particle’s sum we need to subtract this contribution by hand. The expression for this soft radiation
energy-momentum tensor is
∆(0)T̂
Rµν(k) =
G
pi2
∫ L−1
ω
d4` δ(`2)θ(`0)
M+N∑
a,b=1
{
(pa.pb)
2 − 12p2ap2b
}
(pa.`− i) (pb.`+ i)
`µ`ν
i(k.`− i) (3.39)
Finally subtracting the contribution ∆(0)T̂
Rµν(k) from ∆
(2)
(1)T̂
hµν(k), which is the contribution from
∆(1)T̂
hµν(k) in the integration region ω << |`µ| << L−1, we get,
∆
(2)
(1)T̂
hµν(k)−∆(0)T̂Rµν
' −2G
M+N∑
a=1
M+N∑
b=1
b6=a
ηaηb=1
ln
{
L(ω + iηa)
} 1
[(pa.pb)2 − p2ap2b ]3/2
×
[
(pa.pb)p
ν
ap
µ
b
{
(pa.pb)
2 − 3
2
p2ap
2
b
}
+
1
2
p2a(p
2
b)
2pµap
ν
a
]
= − i
M+N∑
a=1
pνa
∂
∂paµ
Kclgr (3.40)
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Now summing over eq.(3.34), eq.(3.40) and eq.(3.38) we get the total subleading energy-momentum tensor
at order O(lnω),
∆(1)T̂
µν = (−i)
M+N∑
a=1
pµakρ
pa.k
(
pνa
∂
∂paρ
− pρa
∂
∂paν
)
Kclgr
−2G ln
{
(ω + i)R
} N∑
b=1
pb · k
M+N∑
a=1
pµapνa
pa.k
+ O(ω0) (3.41)
Now to determine the radiative mode of subleading order gravitational waveform at late and early time we
use the relation (3.2) at subleading order and then perform Fourier transformation in ω variable. Finally
using the results of integrations from eq.(C.10) and (C.11) for n = 1 we get [1],
∆(1)e
µν(t, R, nˆ) =
2G
R
1
u
{
2G
N∑
b=1
pb · n
}( N∑
a=1
pµapνa
pa.n
−
M∑
a=1
p′µa p′νa
p′a.n
)
−4G
2
R
1
u
N∑
a=1
N∑
b=1
b6=a
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
}
×p
µ
anρ
pa.n
{
pνap
ρ
b − pρapνb
}
for u→ +∞ (3.42)
∆(1)e
µν(t, R, nˆ) =
4G2
R
1
u
M∑
a=1
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
{3
2
p′2a p
′2
b − (p′a.p′b)2
}
×p
′µ
a nρ
p′a.n
{
p′νa p
′ρ
b − p′ρa p′νb
}
for u→ −∞ (3.43)
where retarded time u = t−R+ 2G lnR
N∑
b=1
pb · n.
3.4 Derivation of sub-subleading order gravitational waveform
Here in this section we derive the order O(ω(lnω)2) coefficient of the sub-subleading gravitational wave-
form. This turns out to be the leading non-analytic contribution at this order in small ω expansion.
3.4.1 Analysis of sub-subleading matter energy-momentum tensor
The expression for sub-subleading order energy-momentum tensor follows from eq.(3.17),
∆(2)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k·va−i)σ
×
[
1
2
{
− ik ·∆(1)Ya(σ)
}2
vµav
ν
a +
{
− ik ·∆(1)Ya(σ)
}
vµa
d∆(1)Y
ν
a (σ)
dσ
+
{
− ik ·∆(1)Ya(σ)
}
vνa
d∆(1)Y
µ
a (σ)
dσ
+
d∆(1)Y
µ
a (σ)
dσ
d∆(1)Y
ν
a (σ)
dσ
+
{
− ik ·∆(2)Ya(σ)
}
vµav
ν
a + v
µ
a
d∆(2)Y
ν
a (σ)
dσ
+ vνa
d∆(2)Y
µ
a (σ)
dσ
]
(3.44)
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Contribution from the first term within the square bracket of eq.(3.44) takes form,
∆
(1)
(2)T̂
Xµν(k) =
1
2
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
{
− ik ·∆(1)Ya(σ)
}2
vµav
ν
a
=
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
vµavνa
i(k.va − i)
{
− ik ·∆(1)Ya(σ)
} {
− ik · d∆(1)Ya(σ)
dσ
}
= i(8piG)2
M+N∑
a=1
e−ik.ra
pµapνa
pa.k
M+N∑
b=1
b 6=a
M+N∑
c=1
c6=a
∫
d4`1
(2pi)4
ei`1.(ra−rb) Gr(`1)
1
pa.`1 + i
× 1
pb.`1 − i
[{
2pa.`1pa.pbpb.k − `1.k(pa.pb)2
}
− 1
2
p2b
{
2`1.papa.k − `1.kp2a
}]
×
∫
d4`2
(2pi)4
ei`2.(ra−rc)Gr(`2)
1
pa.`2 + i
1
pc.`2 − i
[{
2pa.`2pa.pcpc.k − `2.k(pa.pc)2
}
−1
2
p2c
{
2`2.papa.k − `2.kp2a
}] 1
(`2 − k).pa + i
1
(`1 + `2 − k).pa + i (3.45)
Here to get second line of RHS from the first line we have first used e−i(k.va−i)σ =
{ − i(k.va −
i)
}−1 d
dσe
−i(k.va−i)σ and then performed integration by parts to move the σ derivative to the rest of
the integrand after using the boundary conditions of eq.(3.26). To get the last four lines from the second
line of RHS we substituted the expressions of eq.(3.27) and eq.(3.28) and then used the integration result
of eq.(2.34). The above expression contributes to order O(ω(lnω)2) in the integration region L−1 >>
|`µ1 | >> |`µ2 | >> ω. Now following the procedure described below eq.(2.36) we can also get the same contri-
bution approximating the integrand in the integration region
{
L−1 >> |`µ1 | >> ω , L−1 >> |`µ2 | >> ω
}
but with an overall multiplicative factor of 12 coming from the momentum ordering. So the O
(
ω(lnω)2
)
contribution becomes,
∆
(1)
(2)T̂
Xµν(k) ' i
2
(8piG)2
M+N∑
a=1
pµapνa
pa.k
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
∫ L−1
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)2
1
pb.`1 − i[{
2pa.`1pa.pbpb.k − `1.k(pa.pb)2
}
− 1
2
p2b
{
2`1.papa.k − `1.kp2a
}] ∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i
[{
2pa.`2pa.pcpc.k − `2.k(pa.pc)2
}
− 1
2
p2c
{
2`2.papa.k − `2.kp2a
}]
= (−i) 1
2
M+N∑
a=1
pµapνa
pa.k
(
kρ
∂
∂pρa
Kclgr
) (
kσ
∂
∂pσa
Kclgr
)
(3.46)
Similarly the contribution from the second term within the square bracket of eq.(3.44) turns out to be,
∆
(2)
(2)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
{
− ik ·∆(1)Ya(σ)
}
vµa
d∆(1)Y
ν
a (σ)
dσ
= −i (8piG)2
M+N∑
a=1
e−ik.ra pµa
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
∫
d4`1
(2pi)4
ei`1.(ra−rb) Gr(`1)
1
pa.`1 + i
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× 1
pb.`1 − i
[{
2pa.`1pa.pbpb.k − `1.k(pa.pb)2
}
− 1
2
p2b
{
2`1.papa.k − `1.kp2a
}]
×
∫
d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pa.`2 + i
1
pc.`2 − i
[{
2pa.`2pa.pcp
ν
c − `ν2(pa.pc)2
}
−1
2
p2c
{
2`2.pap
ν
a − `ν2p2a
}]
× 1
(`2 − k).pa + i
1
(`1 + `2 − k).pa + i (3.47)
Similar to ∆
(1)
(2)T̂
Xµν(k), the above expression also contributes to order O(ω(lnω)2) in the integration
region L−1 >> |`µ1 | >> |`µ2 | >> ω. So following the procedure described below eq.(2.36) we can analyze
the two integrals in the integration region
{
L−1 >> |`µ1 | >> ω , L−1 >> |`µ2 | >> ω
}
but with an overall
multiplicative factor of 12 coming from the momentum ordering. So the order O
(
ω(lnω)2
)
contribution
becomes,
∆
(2)
(2)T̂
Xµν(k) ' − i
2
(8piG)2
M+N∑
a=1
pµa
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
∫ L−1
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)2
1
pb.`1 − i[{
2pa.`1pa.pbpb.k − `1.k(pa.pb)2
}
− 1
2
p2b
{
2`1.papa.k − `1.kp2a
}]
×
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i[{
2pa.`2pa.pcp
ν
c − `ν2(pa.pc)2
}
− 1
2
p2c
{
2`2.pap
ν
a − `ν2p2a
}]
=
i
2
M+N∑
a=1
pµa
(
∂
∂paν
Kclgr
) (
kρ
∂
∂pρa
Kclgr
)
(3.48)
The contribution from the third term within the square bracket of eq.(3.44) can be easily read out from
eq.(3.48) after interchanging µ↔ ν and the order O(ω(lnω)2) contribution is,
∆
(3)
(2)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
{
− ik ·∆(1)Ya(σ)
}
vνa
d∆(1)Y
µ
a (σ)
dσ
' i
2
M+N∑
a=1
pνa
(
∂
∂paµ
Kclgr
) (
kρ
∂
∂pρa
Kclgr
)
(3.49)
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Contribution from the fourth term within the square bracket of eq.(3.17) takes the following form after
performing the σ integrations,
∆
(4)
(2)T̂
Xµν(k) =
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
d∆(1)Y
µ
a (σ)
dσ
d∆(1)Y
ν
a (σ)
dσ
= (−i)(8piG)2
M+N∑
a=1
e−ik.ra
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
∫
d4`1
(2pi)4
Gr(`1) e
i`1.(ra−rb) 1
pa.`1 + i
1
pb.`1 − i[{
2pa.`1pa.pbp
µ
b − `µ1 (pa.pb)2
}
− 1
2
p2b
{
2`1.pap
µ
a − `µ1p2a
}] ∫ d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pa.`2 + i
1
pc.`2 − i
[{
2pa.`2pa.pcp
ν
c − `ν2(pa.pc)2
}
− 1
2
p2c
{
2`2.pap
ν
a − `ν2p2a
}]
× 1
(`1 + `2 − k).pa + i (3.50)
Analyzing all possible integration regions we find that the above expression does not contribute at order
O(ω(lnω)2). The expression ∆(4)(2)T̂Xµν(k) starts contributing at order O(ω lnω) in the integration region
L−1 >> |`µ1 | >> |`µ2 | >> ω or L−1 >> |`µ2 | >> |`µ1 | >> ω in small ω expansion. It also contributes to
order O(ω0) but since order O(ω0) is already undetermined from the analysis of subleading order and
does not contribute to memory, we are ingoing that contribution14.
Analysis of fifth, sixth and seventh terms within the square bracket of eq.(3.44) is little involved as we
need to find out subleading correction ∆(2)Y
µ
a (σ) to the straight line trajectory after knowing subleading
order gravitational waveform ∆(1)eµν(x). A complete analysis has been performed in appendix-B and
those terms also contribute to order O(ω(lnω)2).
Hence the contribution from the sub-subleading order matter energy-momentum tensor at order
O(ω(lnω)2) becomes,
∆(2)T̂
Xµν(k) ' (−i) 1
2
M+N∑
a=1
kρkσ
pa.k
[(
pµa
∂
∂paρ
− pρa
∂
∂paµ
)
Kclgr
] [(
pνa
∂
∂paσ
− pσa
∂
∂paν
)
Kclgr
]
+
i
2
M+N∑
a=1
(pa.k)
(
∂
∂paµ
Kclgr
) (
∂
∂paν
Kclgr
)
+ ∆
(5)
(2)T̂
Xµν(k) + ∆
(6)
(2)T̂
Xµν(k)
+∆
(7)
(2)T̂
Xµν(k) (3.51)
Above we have added and subtracted a term i2
M+N∑
a=1
(pa.k)
(
∂
∂paµ
Kclgr
) (
∂
∂paν
Kclgr
)
to write the total
contribution in a compact form. The expression for ∆
(5)
(2)T̂
Xµν(k),∆
(6)
(2)T̂
Xµν(k) and ∆
(7)
(2)T̂
Xµν(k) are
given in eq.(B.9),(B.11) and (B.12).
14One point to note that order O(ω0) contribution always dominates over order O(ω(lnω)2) contribution. But if we are
only interested to extract O(ω(lnω)2) coefficient unambiguously, we can do so by operating ∂ω on the integral expression
and extract the coefficient of (lnω)2.
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3.4.2 Analysis of sub-subleading gravitational energy-momentum tensor
Now we want to analyze the sub-subleading order gravitational energy-momentum tensor to extract
O(ω(lnω)2) contribution. From eq.(3.18) if we substitute r = 2, we find that there are two kinds of
contributions to sub-subleading order gravitational energy-momentum tensor. One is cubic in ∆(0)hµν
which we denote by ∆(2)T
hµν
1 (x) and the other contribution is quadratic in metric fluctuation with one
of them is ∆(0)hµν and the other is ∆(1)hµν which we denote by ∆(2)T
hµν
2 (x). The Fourier transform of
the first part of the sub-subleading gravitational energy-momentum tensor follows from eq.(D.15),
∆(2)T̂
hµν
1 (k) = −i(8piG)2
M+N∑
a,b,c=1
∫
d4`1
(2pi)4
d4`2
(2pi)4
Gr(`1)Gr(`2)Gr(k − `1 − `2) e−i`1.(ra−rc)e−i`2.(rb−rc)e−ik.rc
× 1
pa.`1 − i
1
pb.`2 − i
1
pc.(k − `1 − `2)− i
{
pαap
β
a −
1
2
p2aη
αβ
} {
pρbp
σ
b −
1
2
p2bη
ρσ
}
{
pγc p
δ
c −
1
2
p2cη
γδ
}
Gµναβ,ρσ,γδ(`1, `2, k) (3.52)
where Gµναβ,ρσ,γδ(`1, `2, k) can be read off from eq.(D.14) and the expression is quadratic in momenta. Since
T (3)hµν(x) of eq.(D.14) contains two derivatives on one or two different {hτκ}, we can always choose hγδ
to be the metric fluctuation where no derivative operates, as explained in appendix-D. With this choice
the momentum dependence of Gµναβ,ρσ,γδ(`1, `2, k) turns out to be,
Gµναβ,ρσ,γδ(`1, `2, k) ∼ #`1`1 + #`1`2 + #`2`2 (3.53)
A detail power counting analysis shows that ∆(2)T̂
hµν
1 (k) does not contribute to order O
(
ω(lnω)2
)
in
any integration region. In small ω limit the leading non-analytic contribution comes from ∆(2)T̂
hµν
1 (k) at
order O(ω lnω). Since we are not interested in order O(ω lnω) terms, we can ignore the contribution of
∆(2)T̂
hµν
1 (k) for the purpose of this paper.
The Fourier transformation of ∆(2)T
hµν
2 (x) takes the following form,
∆(2)T̂
hµν
2 (k) =
1
8piG
∫
d4`1
(2pi)4
[
∆(0)ĥ
αβ(`1)Fµν αβ,ρσ(k, `1)∆(1)ĥρσ(k − `1) + ∆(1)ĥαβ(`1)Fµν αβ,ρσ(k, `1)
∆(0)ĥ
ρσ(k − `1)
]
(3.54)
where
∆(0)ĥ
µν(`1) = −8piG Gr(`1)
M+N∑
a=1
e−i`1.ra
pµapνa − 12p2aηµν
i(pa.`1 − i) (3.55)
∆(1)ĥ
µν(`1) = −8piG Gr(`1)
[
∆(1)T̂
µν(`1)− 1
2
ηµν∆(1)T̂
ρ
ρ (`1)
]
(3.56)
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with the expression for ∆(1)T̂
µν(`1) follows from eq.(3.29) and eq.(3.35) :
∆(1)T̂
µν(`1) = −8piG
M+N∑
b=1
M+N∑
c=1
c 6=b
e−i`1.rb
∫
d4`2
(2pi)4
ei`2.(rb−rc)Gr(`2)
1
pb.`2 + i
1
pc.`2 − i
1
pb.(`2 − `1) + i
×Eµν(pb, pc, `1, `2)
−8piG
M+N∑
b=1
M+N∑
c=1
e−i`1.rc
∫
d4`2
(2pi)4
ei`2.(rc−rb)Gr(`1 − `2)Gr(`2) 1
pb.`2 − i
1
pc.(`1 − `2)− i
×
{
pbαpbβ − 1
2
p2bηαβ
}
Fµν,αβ,ρσ(`1, `2)
{
pcρpcσ − 1
2
p2cηρσ
}
(3.57)
where the expression for Fµν,αβ,ρσ is given in eq.(3.36) and the expression for for Eµν is the following,
Eµν(pb, pc, `1, `2) =
pµb p
ν
b
pb.`1 − i
{
2pb.pcpb.`2pc.`1 − `1.`2(pb.pc)2 − p2cpb.`1pb.`2 +
1
2
`1.`2p
2
bp
2
c
}
−
{
2pb.pc`2.pb(p
µ
b p
ν
c + p
ν
bp
µ
c )− (pb.pc)2(`µ2pνb + `ν2pµb )− 2p2cpb.`2pµb pνb
+
1
2
p2bp
2
c(`
µ
2p
ν
b + `
ν
2p
µ
b )
}
(3.58)
Here our goal will be to analyze the expression (3.54) in all possible integration regions after substituting
the expressions of {∆(1)hαβ} and {∆(0)hαβ} to extract the order O
(
ω(lnω)2
)
contribution. We only found
the following three integration regions where eq.(3.54) contributes to order O(ω(lnω)2) : L−1 >> |`µ2 | >>
ω >> |`µ1 | >> R−1 , ω >> |`µ2 | >> |`µ1 | >> R−1 and L−1 >> |`µ2 | >> |`µ1 | >> ω.
In the integration region L−1 >> |`µ2 | >> ω >> |`µ1 | >> R−1, approximating the expression in
eq.(3.54) and performing the integration over `2 analogous to §3.3 from the first term within the square
bracket we get,
U1 ≡ i(8piG) 2G
M+N∑
a=1
M+N∑
b=1
M+N∑
c=1
c6=b
ηbηc=1
∫ ω
R−1
d4`1
(2pi)4
Gr(`1)
1
k.`1 + i
1
pa.`1 − i
× 1
pb.k
ln
{
L(ω + iηb)
} pb.pc
[(pb.pc)2 − p2bp2c ]3/2
{3
2
p2bp
2
c − (pb.pc)2
}
×
{
− (pa.k)2pc.kpµb pνb + (pa.k)2pb.kpµb pνc
}
(3.59)
Now using the result of the integration:∫ ω
R−1
d4`
(2pi)4
Gr(`)
1
k.`+ i
1
pa.`− i =
1
4pi
δηa,1
1
pa.k
ln
{
R(ω + i)
}
+O(ω−1) (3.60)
the contribution of U1 turns out to be,
U1 = −i (2G)2
N∑
a=1
pa.k ln
{
R(ω + i)
}M+N∑
b=1
M+N∑
c=1
c6=b
ηbηc=1
ln
{
L(ω + iηb)
}
× pb.pc[
(pb.pc)2 − p2bp2c
]3/2 {32p2bp2c − (pb.pc)2} 1pb.k
[
pc.kp
µ
b p
ν
b − pb.kpµb pνc
]
(3.61)
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In the region of integration integration ω >> |`µ2 | >> |`µ1 | >> R−1, approximating the expression in
eq.(3.54) and performing the integration over `2 analogous to §3.3 we find,
U2 ≡ −i(8piG) 2G
M+N∑
a=1
N∑
b=1
M+N∑
c=1
∫ ω
R−1
d4`1
(2pi)4
Gr(`1)
1
k.`1 + i
1
pa.`1 − i
pb.k
pc.k
ln
{
|~`1|−1(ω + i)
}[
pa.kpc.kpa.pcη
µν − (pa.k)2pµc pνc −
1
2
p2a(pc.k)
2ηµν
]
(3.62)
Now using the result of the following integral:∫ ω
R−1
d4`
(2pi)4
Gr(`)
1
k.`+ i
1
pa.`− i ln
{
|~`|−1(ω + i)
}
=
1
8pi
δηa,1
1
pa.k
(
ln
{
R(ω + i)
})2
+ O(ω−1 lnω) (3.63)
we get,
U2 = − i
2
[
− 2iG
N∑
a=1
pa.k ln
{
R(ω + i)
}]2 M+N∑
c=1
pµc pνc
pc.k
(3.64)
For analyzing the expression (3.54) in the integration region L−1 >> |`µ2 | >> |`µ1 | >> ω, we need to
substitute
Gr(`1)Gr(k − `1) = G∗r(`1)Gr(k − `1) − 2pii δ(`21)
[
H(`01)−H(−`01)
]
Gr(k − `1). (3.65)
First let us analyze the contribution of eq.(3.54) with G∗r(`1)Gr(k − `1) = Gr(−`1)Gr(k − `1). It turns
out that the following part of ∆(2)T̂
hµν
2 (k) contributes to order O
(
ω(lnω)2
)
in the integration region
L−1 >> |`µ2 | >> |`µ1 | >> ω,
U3 ≡ − i(8piG)2
M+N∑
a=1
M+N∑
b=1
M+N∑
c=1
c 6=b
∫
d4`1
(2pi)4
{
Gr(−`1)
}2[
1− 2k.`1 Gr(−`1)
] 1
pa.`1 − i
1
pb.`1 + i
[
1 +
pb.k
pb.`1 + i
] {
pαap
β
a −
1
2
p2aη
αβ
}{
pρbp
σ
b −
1
2
p2bη
ρσ
}
[
∆(`1`1)Fµν αβ,ρσ(k, `1) + ∆(k`1)Fµν αβ,ρσ(k, `1)
]
×
∫
d4`2
(2pi)4
Gr(`2)
1
pc.`2 − i
1
(pb.`2 + i)2
[
1− pb.(`1 − k)
pb.`2 + i
] [{− 2pb.pcpb.`2pc.`1 + `1.`2(pb.pc)2 + p2cpb.`1pb.`2
−1
2
`1.`2p
2
bp
2
c
}
+
{
2pb.pcpb.`2pc.k − k.`2(pb.pc)2 − p2cpb.kpb.`2 +
1
2
k.`2p
2
bp
2
c
}]
− i(8piG)2
M+N∑
a=1
M+N∑
b=1
M+N∑
c=1
c6=b
∫
d4`1
(2pi)4
{
Gr(−`1)
}2[
1− 2k.`1 Gr(−`1)
] 1
pb.`1 − i
1
pa.`1 + i
[
1 +
pa.k
pa.`1 + i
] {
pαb p
β
b −
1
2
p2bη
αβ
}{
pρap
σ
a −
1
2
p2aη
ρσ
}
[
∆(`1`1)Fµν αβ,ρσ(k, `1) + ∆(k`1)Fµν αβ,ρσ(k, `1)
]
×
∫
d4`2
(2pi)4
Gr(`2)
1
pc.`2 − i
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1(pb.`2 + i)2
[
1 +
pb.`1
pb.`2 + i
] {
2pb.pcpb.`2pc.`1 − `1.`2(pb.pc)2 − p2cpb.`1pb.`2 +
1
2
`1.`2p
2
bp
2
c
}
(3.66)
In the above expression ∆(`1`1)Fµν αβ,ρσ(k, `1) represents the orderO(`1`1) contribution of Fµν αβ,ρσ(k, `1)
and ∆(k`1)Fµν αβ,ρσ(k, `1) represents the order O(k`1) contribution of Fµν αβ,ρσ(k, `1), which one can read
out from the expression (3.36). Now it turns out that if we pick up the leading contributions from all the
square brackets above in the integration region L−1 >> |`µ2 | >> |`µ1 | >> ω, the resulting expression does
not contribute to order O(ω(lnω)2). On the other hand if we take subleading contribution from one of the
square bracket above and leading contributions from the rest of the square brackets that can contribute
to order O(ω(lnω)2). But for analyzing those contributions we have to use the following results which
we get using integration by parts,∫
d4`1
(2pi)4
[
Gr(−`1)
]2 1
pa.`1 − i
1
pb.`1 + i
`α1 `
β
1
= −1
2
[
pαa
∂
∂paβ
+ pαb
∂
∂pbβ
+ ηαβ
] ∫ d4`1
(2pi)4
Gr(−`1) 1
pa.`1 − i
1
pb.`1 + i
, (3.67)
∫
d4`1
(2pi)4
[
Gr(−`1)
]2 1
pa.`1 − i
1
(pb.`1 + i)2
`α1 `
β
1 `
τ
1
=
1
2
[
pτa
∂
∂paα
∂
∂pbβ
+ pτb
∂
∂pbα
∂
∂pbβ
+
(
ηατ
∂
∂pbβ
+ ηβτ
∂
∂pbα
)]
×
∫
d4`1
(2pi)4
Gr(−`1) 1
pa.`1 − i
1
pb.`1 + i
(3.68)
Now after using this integration by parts results in U3 and evaluating the integrals in the integration
region L−1 >> |`µ2 | >> |`µ1 | >> ω we find,
U3 ' − i
2
M+N∑
a=1
(pa.k)
(
∂
∂paµ
Kclgr
) (
∂
∂paν
Kclgr
)
−∆(5)(2)T̂Xµν(k)−∆
(6)
(2)T̂
Xµν(k)−∆(7)(2)T̂Xµν(k)
(3.69)
We have to redefine the dummy indices for particle sums a, b, c and organize the huge expression coming
from eq.(3.66) after performing the integrations, to bring the result in the compact form written above.
Now we also have to analyze the contribution of ∆(2)T̂
hµν
2 (k) in eq.(3.54) after substituting− 2pii δ(`21)
[
H(`01)−
H(−`01)
]
Gr(k − `1) in place of Gr(`1)Gr(k − `1) as follows from eq.(3.65). With this substituation
∆(2)T̂
hµν
2 (k) can contribute to some linearly divergent term at order O(ω0L−1) in the integration region
where loop momenta are large compare to ω. We expect this contribution will represent the subleading
soft gravitational radiation from hard gravitational radiation which needs to be subtracted by hand as
it’s effect is already included in the sum over hard particles a, b, c15. After this subtraction we find the
15It would be interesting to independently compute subleading soft gravitational radiation from real hard gravitons at
subleading order and compare with the O(ω0L−1) terms which we need to subtract here analogous to the leading order case
as given in eq.(3.39).
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following integral structure from ∆(2)T̂
hµν
2 (k), which can potencially contribute to O(ω(lnω)2),
ω lnω
∫ L−1
ω
d4`1
(2pi)4
δ(`21)
[
H(`01)−H(−`01)
] 1
n.`1
1
pa.`1
[
fµναβγ(pa, pb, pc,n)
`α1 `
β
1 `
γ
1
(pb.`1)3
+gµναβ(pa, pb, pc,n)
`α1 `
β
1
(pb.`1)2
+ hµνα (pa, pb, pc,n)
`α1
pb.`1
]
(3.70)
where f, g, h are functions of pa, pb, pc,n and the structure of the integral is written after performing
integration over `2. Now one can see that the part of the integrand inside the square bracket is symmetric
under `1 ↔ −`1 exchange. On the other hand the part of the integrand outside the square bracket is
anti-symmetric under `1 ↔ −`1 exchange. Hence from this the order O(ω(lnω)2) contribution vanishes.
Summing over the contributions of eq.(3.51), (3.61), (3.64) and (3.69), the order O(ω(lnω)2) contri-
bution of sub-subleading order energy-momentum tensor becomes,
∆(2)T̂
µν(k) = − i
2
[
− 2iG
N∑
a=1
pa.k ln
{
R(ω + i)
}]2 M+N∑
c=1
pµc pνc
pc.k
−i
[
− 2iG
N∑
a=1
pa.k ln
{
R(ω + i)
}]M+N∑
b=1
pµb kρ
pb.k
[(
pνb
∂
∂pbρ
− pρb
∂
∂pbν
)
Kclgr
]
− i
2
M+N∑
a=1
kρkσ
pa.k
[(
pµa
∂
∂paρ
− pρa
∂
∂paµ
)
Kclgr
] [(
pνa
∂
∂paσ
− pσa
∂
∂paν
)
Kclgr
]
+O(ω lnω) (3.71)
3.4.3 Sub-subleading order gravitational waveform
Now using the relation in eq.(3.2), the sub-subleading order gravitational waveform in frequency space
becomes,{
2G
R
}−1 {
exp
{
iωR− 2iG
N∑
a=1
pa.k lnR
}}−1
∆(2)e˜
µν(ω,R, nˆ)
= −i ω{ ln(ω + i)}2 × 1
2
{
− 2iG
N∑
b=1
pb · n
}2 M+N∑
a=1
pµapνa
pa.n
−i ω ln(ω + i)
{
− 2iG
N∑
c=1
pc · n
}M+N∑
a=1
ln(ω + iηa)
×
[
(2iG)
M+N∑
b=1
b 6=a
ηaηb=1
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} pµanρ
pa.n
{
pνap
ρ
b − pρapνb
}]
− i
2
M+N∑
a=1
ω
(
ln(ω + iηa)
)2nρnσ
pa.n
[
(2iG)
M+N∑
b=1
b 6=a
ηaηb=1
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} {
pµap
ρ
b − pρapµb
}]
×
[
(2iG)
M+N∑
c=1
c 6=a
ηaηc=1
pa.pc
[(pa.pc)2 − p2ap2c ]3/2
{3
2
p2ap
2
c − (pa.pc)2
} {
pνap
σ
c − pσapνc
}]
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+ O(ω lnω) (3.72)
In the LHS of the above expression we have included a phase factor exp{−2iG
N∑
a=1
pa.k lnR} which cor-
responds to the time delay due to gravitational drag force on the emitted gravitational wave as derived
in [17]. The expansion of this extra phase factor up to order ω2 has already appeared in the expres-
sion (3.71). Now performing Fourier transformation in ω variable and using the integration results of
eq.(C.11)(C.10)(C.16) we get the following late and early time sub-subleading gravitational waveforms,
∆(2)e
µν(t, R, nˆ)
=
2G
R
ln |u|
u2
{
2G
N∑
b=1
pb.n
}2( N∑
a=1
pµapνa
pa.n
−
M∑
a=1
p′µa p′νa
p′a.n
)
−4G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} N∑
a=1
[
(2G)
N∑
b=1
b 6=a
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} pµanρ
pa.n
{
pνap
ρ
b − pρapνb
}]
−2G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} M∑
a=1
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
{3
2
p′2a p
′2
b − (p′a.p′b)2
} p′µa nρ
p′a.n
{
p′νa p
′ρ
b − p′ρa p′νb
}]
+
2G
R
ln |u|
u2
N∑
a=1
nρnσ
pa.n
[
(2G)
N∑
b=1
b6=a
pa.pb
[(pa.pb)2 − p2ap2b ]3/2
{3
2
p2ap
2
b − (pa.pb)2
} {
pµap
ρ
b − pρapµb
}]
×
[
(2G)
N∑
c=1
c 6=a
pa.pc
[(pa.pc)2 − p2ap2c ]3/2
{3
2
p2ap
2
c − (pa.pc)2
} {
pνap
σ
c − pσapνc
}]
+O(u−2) for u→ +∞, (3.73)
and
∆(2)e
µν(t, R, nˆ)
=
2G
R
ln |u|
u2
{
2G
N∑
c=1
pc.n
} M∑
a=1
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
×
{3
2
p′2a p
′2
b − (p′a.p′b)2
} p′µa nρ
p′a.n
{
p′νa p
′ρ
b − p′ρa p′νb
}]
+
2G
R
ln |u|
u2
M∑
a=1
nρnσ
p′a.n
[
(2G)
M∑
b=1
b 6=a
p′a.p′b
[(p′a.p′b)2 − p′2a p′2b ]3/2
{3
2
p′2a p
′2
b − (p′a.p′b)2
} {
p′µa p
′ρ
b − p′ρa p′µb
}]
×
[
(2G)
M∑
c=1
c6=a
p′a.p′c
[(p′a.p′c)2 − p′2a p′2c ]3/2
{3
2
p′2a p
′2
c − (p′a.p′c)2
} {
p′νa p
′σ
c − p′σa p′νc
}]
+O(u−2) for u→ −∞
(3.74)
where u = t − R + 2G lnR
N∑
b=1
pb · n is the retarded time. This proves the conjecture made in [1]. For a
scattering event with massless external particles this result has been tested in [75,76].
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4 Sub-subleading soft photon theorem from two loop amplitudes
Here in this section we briefly discuss how we can derive sub-subleading soft photon theorem by analyzing
two loop amplitudes in a theory of scalar QED following the analysis of [17]. This will solve two purposes:
one purpose is to show the connection between classical computation and Feynman diagrammatics and
the other is to find out extra quantum contribution in sub-subleading soft photon factor. Consider a
theory of U(1) gauge filed Aµ(x) and M +N number of complex scalar fields {φa} with masses {ma} and
charges {qa} for a = 1, 2, · · · ,M + N satisfying
M+N∑
a=1
qa = 0. The relevant part of the action needed for
our analysis: ∫
d4x
[
− 1
4
FµνFµν −
M+N∑
a=1
{
(∂µφ
∗
a + iqaAµφ
∗
a)(∂
µφ− iqaAµφa) +m2aφ∗aφa
}]
+λφ1φ2 · · ·φM+N + λφ∗1φ∗2 · · ·φ∗M+N
]
(4.1)
Though in four spacetime dimensions S-matrix for this theory is IR divergent, still we can factor out the
same IR-divergent piece from the S-matrix with external photon and S-matrix without external photon
and can derive the soft photon factor relating the IR finite parts of the two S-matrices [17]. Let Γ(M+N,1)
denote the full perturbative scattering amplitude of M + N number of external charged particles with
momenta {pa}, charges {qa} and one external outgoing photon with momentum k. Similarly Γ(M+N)
denotes the full perturbative scattering amplitude with the same M + N number of external charged
particles but without any external photon. Following [77], let us decompose the photon propagator
attached with two complex scalar lines with momenta pa and pb in the following way,
−i η
µν
`2 − i = −i
1
`2 − i
[
Kµν(ab)(`, pa, pb) +G
µν
(ab)(`, pa, pb)
]
(4.2)
with the photon momentum ` runs from particle-b to particle-a. We are using the convention that all
the external particles are outgoing and some of them can be made incoming by flipping the sign of their
charges and momenta. The expression for Kµν(ab)(`, pa, pb) and G
µν
(ab)(`, pa, pb) for a 6= b are,
Kµν(ab)(`, pa, pb) = `
µ`ν
(2pa − `) · (2pb + `)
(2pa.`− `2 + i)(2pb.`+ `2 − i)
Gµν(ab)(`, pa, pb) = η
µν −Kµν(ab)(`, pa, pb) (4.3)
For a = b we do not need to make any decomposition. The propagator with K(ab) numerator is named
as K-photon propagator and the propagator with G(ab) numerator is named as G-photon propagator. It
turns out that if we compute the amplitudes Γ(M+N,1) and Γ(M+N) after the K-G decomposition of the
photon propagators described above we get [77],
Γ(M+N,1) = exp[Kem] Γ
(M+N,1)
G , Γ
(M+N) = exp[Kem] Γ
(M+N)
G (4.4)
where
Kem =
i
2
M+N∑
a=1
M+N∑
b=1
b 6=a
qaqb
∫
d4`
(2pi)4
1
`2 − i
(2pa − `) · (2pb + `)
(2pa.`− `2 + i) (2pb.`+ `2 − i) (4.5)
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Figure 2: Sets of two loop Feynman diagrams with two virtual photons connected to three different scalar
lines which potentially can contribute to order O(ω(lnω)2). The thick lines represent massive complex
scalars and the thin lines represent photons.
Above Γ
(M+N,1)
G denotes the value of the IR-finite part of the amplitude Γ
(M+N,1) when all the photon
propagators are replaced by G-photon propagators and Γ
(M+N)
G denotes the value of the IR-finite part of
the amplitude Γ(M+N) with all the photon propagators replaced by G-photon propagators. In [17] analyz-
ing one loop Feynman diagrams of Γ
(M+N,1)
G the subleading soft photon theorem is derived. Analogously
analyzing two loop Feynman diagrams of Γ
(M+N,1)
G we can extract the leading non-analytic contribution
of sub-subleading soft photon theorem. The algorithm for finding sub-subleading soft photon factor S
(2)
em
for photon polarization ε turns out to be:
Γ
(M+N,1)
G,2−loop = S
(2)
em
(
ε, k, {qa, pa}
)
Γ
(M+N)
tree (4.6)
In principle, in the LHS of the above relation we should also include the contribution of the two loop
Feynman diagrams which contain one or both virtual photons whose both ends are connected to a single
scalar line. But a detailed analysis shows that those diagrams don’t contribute to order O(ω(lnω)2).
Now one of the important observation made in [17] is that if we replace the G-photon Feynman
propagators by G-photon retarded propagators then analyzing loop amplitudes with retarded G-photon
propagators one recovers only the classical soft factor. Analogously in the two loop case, if we replace
{`2− i}−1 by −Gr(`) in the analysis of Feynman diagrams of Γ(M+N,1)G,2−loop and use the algorithm of eq.(4.6)
we expect the following relation will hold,
εµ∆(2)Ĵµ(k) = (−i) S(2)em
(
ε, k, {qa, pa}
)∣∣∣
classical
(4.7)
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Figure 3: Sets of two loop Feynman diagrams with two virtual photons connected to two different scalar
lines which potentially can contribute to order O(ω(lnω)2). The thick lines represent massive complex
scalars and the thin lines represent photons.
So let us first re-derive our classical result of §2.4 analyzing Γ(M+N,1)G,2−loop , under the replacement rule described
above.
• Contribution of diagram-(a) of Fig.2 reproduces the expression of ∆(1)(2)Ĵµ(k) in eq.(2.36) as well as
the first three lines of the RHS of ∆
(4)
(2)Ĵµ(k) in eq.(A.9) for a 6= b 6= c via the relation (4.7).
• Contribution of diagram-(b) of Fig.2 reproduces the expression of ∆(2)(2)Ĵµ(k) in eq.(2.39) as well as
the first three lines of the RHS of ∆
(3)
(2)Ĵµ(k) in eq.(A.7) for a 6= b 6= c via the relation (4.7).
• Contribution of diagram-(c) of Fig.2 reproduces the expression of the last three lines of the RHS of
∆
(3)
(2)Ĵµ(k) in eq.(A.7) for a 6= b 6= c via the relation (4.7).
• Contribution of diagram-(d) of Fig.2 reproduces the expression of the last three lines of the RHS of
∆
(4)
(2)Ĵµ(k) in eq.(A.9) for a 6= b 6= c via the relation (4.7).
• On the other hand, sum over the diagrams of Fig.3 reproduces sum over the contributions ∆(1)(2)Ĵµ(k)+
∆
(2)
(2)Ĵµ(k) + ∆
(3)
(2)Ĵµ(k) + ∆
(4)
(2)Ĵµ(k) when a = b or b = c or c = a via the relation (4.7).
The one to one mapping between Feynman diagrams and classical computation described above is
only true when the integrals are approximated in the specified regions of integrations from where the
O(ω(lnω)2) contribution comes.
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If we analyze the diagrams in Fig.2 and Fig.3 using G-photon Feynman propagators then using the
algorithm in eq.(4.6) we find the full(classical +quantum) sub-subleading soft photon factor, which turn
out to be:
S(2)em
(
ε, k, {qa, pa}
)
=
1
2
M+N∑
a=1
[
qa
kρ
pa · k
(
paµ
∂
∂pρa
− paρ ∂
∂pµa
)
Kregem
] [
kσ
∂
∂paσ
Kregem
]
+ (lnω)2
M+N∑
a=1
kαB(2),regαµ
(
qa, pa; {qb}, {pb}
)
+O(ω lnω) (4.8)
where
Kregem = −
i
2
M+N∑
b=1
M+N∑
c=1
c6=b
qbqc
4pi
(lnω)
pb.pc√
(pb.pc)2 − p2bp2c
{
δηbηc,1 −
i
2pi
ln
(
pb.pc +
√
(pb.pc)2 − p2bp2c
pb.pc −
√
(pb.pc)2 − p2bp2c
)}
(4.9)
and
B(2),regαµ
(
qa, pa; {qb}, {pb}
)
= qa
[
paµCregα
(
qa, pa; {qb}, {pb}
)− paαCregµ (qa, pa; {qb}, {pb})]. (4.10)
Cregα
(
qa, pa; {qb}, {pb}
)
is given by:
Cregα
(
qa, pa; {qb}, {pb}
)
= −
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
q2aqbqc
4
{pa.pbδγα − pγapbα}
∂
∂paβ
{
I(pa, pc)× pa.pc
} ∂
∂pγa
∂
∂pβa
I(pa, pb)
+
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=b
qaq
2
b qc
4
{pa.pbδγα − pγapbα}
∂
∂pbβ
{
I(pb, pc)× pb.pc
} ∂
∂pγa
∂
∂pβa
I(pa, pb) (4.11)
where,
I(pa, pb) = − 1
4pi
1√
(pa.pb)2 − p2ap2b
{
δηaηb,1 −
i
2pi
ln
(
pa.pb +
√
(pa.pb)2 − p2ap2b
pa.pb −
√
(pa.pb)2 − p2ap2b
)}
. (4.12)
Though the leading non-analytic contribution to the sub-subleading soft photon factor given in eq.(4.8)
is derived by analyzing two loop amplitudes in scalar QED, we expect this result is universal and 2-loop
exact.
5 Outlook and speculations: further understanding of electromagnetic
and gravitational waveforms
In this section the results we are giving are not rigorously derived. But under some specified assumptions
we expect that the results are correct, but need future investigation.
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5.1 Feynman diagrammatic understanding of the sub-subleading soft graviton theo-
rem
Emboldened by our understanding of classical sub-subleading soft photon factor from the analysis of two
loop amplitude in §4 with the replacement of Feynman propagators by retarded propagators, we expect
that a similar analysis of two loop amplitudes for scalar coupled to gravity will reproduce classical sub-
subleading soft graviton factor. But as described in [17], for the derivation of soft graviton theorem we
need the following four extra ingredients relative to the derivation of soft photon theorem.
1. We have to perform K-G decomposition of the graviton propagator, whose both ends are attached
to same scalar line.
2. We do not need to perform any K-G decomposition for the graviton propagators whose one or both
ends are connected to any graviton line.
3. Consider the set of Feynman diagrams where a K-graviton is attached to the same scalar line where
some other graviton is also attached. Sum over those kind of diagrams do not factorize completely
in a sense that the contribution of the sum can not be written as sum of two kind of diagrams of
which in one diagram the K-graviton is connected to the extreme left of the scalar line and in the
other diagram the K-graviton is connected to the extreme right of the scalar line. After a partial
factorization, we are left with some residual contribution which contributes to the IR finite terms
in the loop amplitude. Also these residual terms can contribute to order O(ω(lnω)2) soft factor in
the two loop amplitude analysis.
4. Here Γ(M+N,1) contains some extra IR divergent factor relative to Γ(M+N). So the full cancellation
of IR divergent factor from both the S-matrices does not happen in the soft theorem relation. The
extra divergent piece in Γ(M+N,1) needs to be IR regulated using some IR cutoff.
So analogous to eq.(4.6), here the algorithm for deriving sub-subleading soft graviton factor turns out to
be, [
Γ
(M+N,1)
G + Γ
(M+N,1)
G,self + Γ
(M+N,1)
residual + Γ
(M+N,1)
3,4−graviton
]
2−loop
= S(2)gr
(
ε, k, {pa}
)
Γ
(M+N)
tree (5.1)
where,
• Contribution of Γ(M+N,1)G comes from the same sets of diagrams given in Fig.2,3 with the G-photon
propagators replaced by G-graviton propagators.
• For computing Γ(M+N,1)G,self we have to analyze the set of two loop diagrams where at least for one of
the G-graviton propagators, both ends are connected to the same scalar line.
• Contribution of Γ(M+N,1)residual comes from the residual non-factorized contribution as discussed in the
third point above.
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• Contribution of Γ(M+N,1)3,4−graviton will come from two kinds of diagrams. One kind of diagrams contain
one or two three graviton vertices which can contribute to order O(ω(lnω)2) as we have seen from
classical analysis. On the other hand from the classical analysis it is suggestive that the other kind
of diagrams containing four graviton vertex do not contribute to order O(ω(lnω)2).
We expect that with this understanding one can extract sub-subleading soft graviton factor using the
algorithm (5.1). Our expectation for the sub-subleading soft graviton factor is:
S(2)gr
(
ε, k, {pa}
)
=
1
2
{
Kregphase
}2 M+N∑
a=1
εµνp
µ
apνa
pa.k
+
{
Kregphase
}M+N∑
a=1
εµνp
µ
akρ
pa.k
[(
pνa
∂
∂paρ
− pρa
∂
∂paν
)
Kreggr
]
+
1
2
M+N∑
a=1
εµνkρkσ
pa.k
×
[(
pµa
∂
∂paρ
− pρa
∂
∂paµ
)
Kreggr
] [(
pνa
∂
∂paσ
− pσa
∂
∂paν
)
Kreggr
]
+O(ω lnω) (5.2)
where,
Kreggr =
i
2
(8piG)
M+N∑
a=1
M+N∑
b=1
b6=a
{
(pa.pb)
2 − 1
2
p2ap
2
b
} ∫
ω
d4`
(2pi)4
1
`2 − i
1
(pa.`+ i) (pb.`− i)
' − i
2
(2G)
1
4pi
(lnω)
M+N∑
a=1
M+N∑
b=1
b6=a
{
(pa.pb)
2 − 12p2ap2b
}
√
(pa.pb)2 − p2ap2b
{
δηaηb,1 −
i
2pi
ln
(
pa.pb +
√
(pa.pb)2 − p2ap2b
pa.pb
√
(pa.pb)2 − p2ap2b
)}
(5.3)
and
K
qm(reg)
phase = i (8piG)
M+N∑
b=1
(pb.k)
2
∫ ω
R−1
d4`
(2pi)4
1
`2 − i
1
k.`+ i
1
pb.`− i
= −2iG ln(ωR)
[
N∑
b=1
pb.k − i
2pi
M+N∑
b=1
pb.k ln
(
p2b
(pb.n)2
)]
(5.4)
5.2 Structure of (sub)n-leading electromagnetic and gravitational waveforms in pres-
ence of both long range electromagnetic and gravitational forces
In this section we take care of both electromagnetic and gravitational long range forces between the
charged scattered objects outside the region R to give the structure of electromagnetic and gravitational
waveforms at late and early retarded time. The trajectories outside the region R satisfies,
ma
d2Xµa (σ)
dσ2
= qa F
µ
ν(Xa(σ))
dXνa (σ)
dσ
− maΓµνρ(Xa(σ))
dXνa (σ)
dσ
dXρa(σ)
dσ
(5.5)
Here we have to expand the asymptotic trajectories of scattered objects in the same way as in eq.(2.10),
considering q2 and G being the expansion parameters with equal weight.
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Structure of (sub)n-leading electromagnetic waveform
To find the electromagnetic waveform we have to solve the following form of Maxwell equation in the
background metric produces by other particles,
∂ν
(√
−det(g)gνρgµσFρσ
)
= −Jµ (5.6)
Using Lorentz gauge condition ηµν∂µAν = 0 this can also be written as,
ηµαηρσ∂ρ∂σAα = −Jµ − Jµh (5.7)
where the gravitational contribution to current density is defined as,
Jµh ≡ ∂ν
(√
−det(g)gνρgµσFρσ
)
− ηµαηρσ∂ρ∂σAα (5.8)
Now we have to expand the total current density in a power series of q2 and G with both having the
same importance as expansion parameter. Analogous to §2.5, here we expect the order O(ωn−1(lnω)n)
contribution to (sub)n-leading current density will take the following form,
∆(n)Ĵ
µ(k) + ∆(n)Ĵ
µ
h (k)
' −i ωn−1{ln(ω + i)}n × 1
n!
{
− 2iG
N∑
b=1
pb · n
}n M+N∑
a=1
qa
pµa
pa.n
−i
n∑
r=1
ωn−1{ln(ω + i)}n−r 1
(n− r)!
{
− 2iG
N∑
d=1
pd · n
}n−r M+N∑
a=1
{
ln(ω + iηa)
}r
×
[
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b=1
b 6=a
ηaηb=1
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[(pa.pb)2 − p2ap2b ]3/2
qa
nρ
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ρ
b − pρapµb
} ( i
4pi
qaqb p
2
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2
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+ 2iG (pa.pb)
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p2ap
2
b − (pa.pb)2
})]
× 1
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[
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[(pa.pc)2 − p2ap2c ]3/2
×
(
i
4pi
qaqcp
2
c
{
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2
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nα1nα2 · · ·nαr−1 B(r),α1α2···αr−1µ
(
qa, pa
)
(5.9)
where the undetermined function B(r),α1α2···αr−1µ
(
qa, pa
)
is antisymmetric under µ and any α` exchange
for ` = 1, 2, ..., r− 1. We expect that B(r) will be independent of the details of the scattering event inside
the region R and will only depend on the scattering data. Now using the following relation (a modification
of (2.1))
A˜µ(ω,R, nˆ) ' 1
4piR
eiωR
(
Ĵµ(k) + Ĵµh (k)
)
(5.10)
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and performing Fourier transformation in ω variable after using the results of eq.(C.10),(C.11) and (C.16)
we find the following late and early time (sub)n-leading electromagnetic waveforms for n ≥ 2,
∆(n)A
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and
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×
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where the retarded time u is given by u = t − R + 2G lnR
N∑
b=1
pb · n. It would be interesting to find out
the expressions of {B(r)} generalising our analysis to arbitrarily higher order.
Structure of (sub)n-leading gravitational waveform
Analysis of (sub)n-leading gravitational waveform for arbitrary value of n will be very complicated as
higher order gravitational energy-momentum tensor will carry lots of terms. But we can still give some
structure of gravitational waveform compiling the results of [57–59] and the observation made in [17].
In the classical analysis we expect the structure of order O(ωn−1(lnω)n) contribution from the (sub)n-
leading matter and gravitational energy-momentum tensor for n ≥ 3 will take the following form,
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where Lµαi(qa, pa) is anti-symmetric under µ ↔ αi exchange. The functional behaviour of Lµα and
C(r) have to determine by explicit computations, but we expect these functions will only depend on the
scattering data. Using the relation of eq.(3.2) and performing Fourier transformation in ω variable after
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using the results of Fourier transformations given in eq.(C.10),(C.16) and (C.11) we get the following late
and early time (sub)n-leading gravitational waveforms for n ≥ 3,
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q′aq
′
ep
′2
e
{
p′2a p
′
e.n− p′a.p′ep′a.n
})]r−2
− 2G
R
(ln |u|)n−1
un
n∑
r=3
ir(n− 1)! r
(n− r)!
{
2G
N∑
b=1
pb · n
}n−r M∑
a=1
nα1nα2 · · ·nαr−1
×
∑
i,j
i 6=j
Lµαi(−q′a,−p′a)Lναj (−q′a,−p′a)C(r),α1...αi−1αi+1...αj−1αj+1...αr−1(−q′a,−p′a)
+ O
(
u−n(ln |u|)n−2
)
for u→ −∞ (5.15)
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where the retarded time u is given by u = t−R+ 2G lnR
N∑
b=1
pb · n.
5.3 Comments on gravitational tail memory for spinning object scattering
In the analysis of §3 we made a statement that internal structures or spins of scattered objects will not
affect the leading non-analytic contribution to (sub)n-leading gravitational waveform. In this section we
will try to present some arguments in support of this and also try to explain why determination of spin
dependent gravitational memory is hard and ambiguous in our formalism.
We know that matter energy-momentum tensor has the following derivative expansion [21,67,78],
TXαβ(x) =
M+N∑
a=1
∫ ∞
0
dσ
[
ma
dXαa (σ)
dσ
dXβa (σ)
dσ
δ(4)
(
x−Xa(σ)
)
+
dX
(α
a (σ)
dσ
Σβ)γa (σ) ∂γδ
(4)
(
x−Xa(σ)
)
+ · · ·
]
(5.16)
where Σa represents the spin of object-a and ”· · · ” contains terms having two or more derivatives operating
on the delta function. The terms inside ”· · · ” carry the information about the internal structure of the
scattered objects. For the spinning objects the geodesic equation is modified in the following way [79–81],
d2Xµ
dσ2
+ Γµαβ
dXα
dσ
dXβ
dσ
= − 1
m
[d2Σµν
dσ2
+
1
2
RµνρσΣ
ρσ
] dXν
dσ
(5.17)
DΣµν
dσ
− dX
µ
dσ
dXρ
dσ
DΣνρ
dσ
+
dXν
dσ
dXρ
dσ
DΣµρ
dσ
= 0 (5.18)
where Ddσ denotes covariant derivative along the world line. In the second equation above, we can substitute
the leading large σ behaviour for Christoffel connection which goes like Γµνρ ∼ 1σ2 for large σ. In this
background solution of second equation gives Σµν ∼ Σµν0 + O(σ−1) with Σµν0 being the constant spin.
But with this large σ behaviour, the RHS of the first equation goes as O(σ−3). So to get the leading
spin dependent behaviour, we can replace all the covariant derivatives in the second equation by ordinary
derivatives. Then the second equation simplifies to,
dΣµν
dσ
− vµvρdΣ
νρ
dσ
+ vνvρ
dΣµρ
dσ
= 0 (5.19)
This in some sense gives conservation relation between different spin components,
Σµν − vµvρΣνρ + vνvρΣµρ = constant (5.20)
So, to analyze the leading order spin dependence of matter energy-momentum tensor we can treat the
spins of scattered objects {Σa} to be constant. Now at the leading order considering the trajectory of
object-a being Xµa (σ) = r
µ
a + v
µ
aσ, the Fourier transformation of energy-momentum tensor becomes,
∆(0)T̂
Xαβ(k) =
M+N∑
a=1
e−ik.ra
1
i(pa.k − i)
[
pαap
β
a + ip
(α
a Σ
β)γ
a kγ
]
(5.21)
49
Using the relation (3.2), we find that the leading spin dependent contribution to e˜µν(ω,R, nˆ) appear at
order O(ω0) , which does not contribute to memory.
Solving linearized Einstein equation the leading order metric fluctuation takes form,
∆(0)hαβ(x) = −8piG
M+N∑
a=1
∫
d4`
(2pi)4
ei`·(x−ra) Gr(`)
1
i(pa.`− i)
[
paαpaβ − 1
2
p2aηαβ + ipa(αΣa,β)γ`
γ
]
(5.22)
with constraint on the spin pαa Σa,αβ = 0. Now we can find out the subleading correction to the straight line
trajectories solving geodesic equation of scattered objects in the background of the above metric analogous
to §3.3. Here the subleading contribution to the Fourier transform of matter energy-momentum tensor
becomes,
∆(1)T̂
Xµν(k) =
M+N∑
a=1
∫ ∞
0
dσe−ik.(vaσ+ra)
[
− ik.∆(1)Ya(σ) mavµavνa +mavµa
d∆(1)Y
ν
a (σ)
dσ
+mav
ν
a
d∆(1)Y
µ
a (σ)
dσ
+ i
d∆(1)Y
(µ
a (σ)
dσ
Σν)αa kα + k.∆(1)Ya(σ) v
(µ
a Σ
ν)α
a kα
]
(5.23)
Now if we try to analyze the first term within the square bracket above, we find the following spin
dependent contribution,
∆
(1)
(1)ΣT̂
Xµν(k) = i(8piG)
∑
a,b
pµap
ν
ae
−ik.ra
∫
d4`
(2pi)4
ei`.(ra−rb) Gr(`)
1
pb.`− i
1
pa.`+ i
1
pa.k
1
pa.(k − `)− i
[
pa.` pa.pb k.Σb.`+ pa.` pb.k pa.Σb.`− k.` pa.pb pa.Σb.`
]
(5.24)
In the region of integration L−1 >> |`µ| >> ω, the leading contribution turns out to be at order
O(ω0) with some L dependent factor. On the other hand if we approximate {pa.(k − `) − i}−1 '
−{pa.` + i}−1 − pa.k{pa.` + i}−2 and analyze with the subleading term it contributes to O(ω lnω).
Similar analysis of the other terms in ∆T̂Xµν(k) shows that those also contribute to O(ω lnω). We can
also analyze the subleading gravitational energy-momentum tensor,
∆(1)T̂
hµν(k) = −(8piG)
∑
a,b
e−ik.rb
∫
d4`
(2pi)4
ei`.(rb−ra) Gr(k − `)Gr(`) 1
pa.`− i
1
pb.(k − `)− i
×
{
paαpaβ − 1
2
p2aηαβ + ipa(αΣa,β)γ`
γ
}
Fµν,αβ,ρσ(k, `)
{
pbρpbσ − 1
2
p2bηρσ + ipb(ρΣb,σ)δ(k − `)δ
}
(5.25)
A detailed analysis shows that this will also contribute to O(ω0) and O(ω lnω) similar to ∆(1)T̂Xµν(k).
So from this naive analysis we find that if the scattered objects carry spin then that will affect the order
O(ω lnω) part of the energy-momentum tensor which in turn affect the order O(u−2) gravitational tail
memory. But as we have seen from the analysis of subleading and sub-subleading order energy-momentum
tensor in §3.3 and §3.4, the order O(ω lnω) contribution is ambiguous as the contribution in this order
depends on the details of scattering region R through {ra}. This tells us that the order O(u−2) tail
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memory is not fully specified by the scattering data, it needs information about the scattering region.
Hence it is not yet clear how to separate out this spin dependent gravitational memory at order O(u−2)
from the other non-universal contributions at the same order.
Though we have not been able to extract spin dependent gravitational memory unambiguously in this
subsection but the analysis shows that the spins of the scattered objects do not affect our sub-subleading
order gravitational waveform at order O(ω(lnω)2). Analogous analysis of the (sub)n-leading gravitational
waveform shows that the spins of the scattered objects start contributing to gravitational tail memory at
order O(u−n(lnu)n−2). Since the internal structure dependence comes with more powers of momenta in
the Fourier transform of matter energy-momentum tensor follows from eq.(5.16), those start affecting the
(sub)n-leading gravitational memory at order O(u−n(lnu)m) for m ≤ n− 3.
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A Analysis of the terms containing ∆(2)Ya(σ) in the expression of ∆(2)Ĵ(k)
Before we proceed for analyzing the third and fourth terms within the square bracket of eq.(2.32), let us
find out the expression of
d∆(2)Yaµ(σ)
dσ .
Subleading current density for b’th particle motion from eq.(2.25),
∆(1)Ĵ
(b)
µ (`1) =
M+N∑
c=1
c 6=b
q2b qce
−i`1.rb
∫
d4`2
(2pi)4
Gr(`2) e
i`2.(rb−rc) 1
pb.`2 + i
1
pb.(`2 − `1) + i
1
pc.`2 − i
×
[
pbµ
pb.`1 − i{`1.`2pb.pc − pc.`1pb.`2} − {`2µpb.pc − pcµ`2.pb}
]
(A.1)
With this form of subleading current density, the subleading field strength for b’th particle’s motion takes
the following form,
∆(1)F
(b)
µν (x) = −i
M+N∑
c=1
c6=b
q2b qc
∫
d4`1
(2pi)4
ei`1.(x−rb) Gr(`1)
∫
d4`2
(2pi)4
ei`2.(rb−rc) Gr(`2)
1
pb.`2 + i
1
pb.(`2 − `1) + i
1
pc.`2 − i
[
1
pb.`1 − i{`1µpbν − `1νpbµ}{`1.`2pb.pc − pc.`1pb.`2}
−{`1µ`2νpb.pc − `1ν`2µpb.pc − `1µpcν`2.pb + `1νpcµ`2.pb}
]
(A.2)
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The order O(q4) correction to the straight line trajectory satisfies the following eq. of motion,
d2∆(2)Yaµ(σ)
dσ2
=
qa
ma
M+N∑
b=1
b 6=a
[
∆(0)F
(b)
µν (ra + vaσ + Ya(σ)) + ∆(1)F
(b)
µν (ra + vaσ)
] {
vνa +
d∆(1)Y
ν
a (σ)
dσ
} ∣∣∣∣∣
O(q4)
=
qa
ma
M+N∑
b=1
b 6=a
∆(0)F
(b)
µν (ra + vaσ)
d∆(1)Y
ν
a (σ)
dσ
− qa
ma
M+N∑
b=1
b6=a
∫
d4`1
(2pi)4
ei`1.(ra+vaσ−rb)
{
i`1 ·∆(1)Ya(σ)
}
Gr(`1)
qb
pb.`1 − i(`1µpbν − `1νpbµ)v
ν
a
+
qa
ma
M+N∑
b=1
b6=a
∆(1)F
(b)
µν (ra + vaσ) v
ν
a (A.3)
Now using the boundary conditions follows from eq.(2.6):
∆(2)Y
µ
a (σ)
∣∣∣
σ=0
= 0 ,
d∆(2)Y
µ
a (σ)
dσ
∣∣∣∣∣
σ→∞
= 0 (A.4)
we get,
d∆(2)Yaµ(σ)
dσ
= − qa
ma
M+N∑
b=1
b 6=a
∫ ∞
σ
dσ′ ∆(0)F (b)µν (ra + vaσ
′)
d∆(1)Y
ν
a (σ
′)
dσ′
+
qa
ma
M+N∑
b=1
b6=a
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
qb
pb.`1 − i(`1µpbν − `1νpbµ)v
ν
a
∫ ∞
σ
dσ′ei`1.vaσ
′ {
i` ·∆(1)Ya(σ′)
}
− qa
ma
M+N∑
b=1
b6=a
∫ ∞
σ
dσ′ ∆(1)F (b)µν (ra + vaσ
′) vνa (A.5)
The contribution to sub-subleading current due to third term in the square bracket of eq.(2.32),
∆
(3)
(2)Ĵµ(k) =
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
{
− ik ·∆(2)Ya(σ)vaµ
}
= −
M+N∑
a=1
qae
−ik·ra paµk
α
pa · k
∫ ∞
0
dσ e−i(k.va−i)σ
d∆(2)Yaα(σ)
dσ
= −
M+N∑
a=1
qae
−ik·ra paµk
α
pa · k
[
− iq2a
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
qbqc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
× 1
pb.`1 − i(`1αpbν − `1νpbα)
∫
d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pc.`2 − i
×(`ν2pc.pa − `2.papνc )
1
`2.pa + i
1
(`1 + `2).pa + i
1
(`1 + `2 − k).pa + i
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−iq2a
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
qbqc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1) × 1
pb.`1 − i(`1αpb.pa − `1.papbα)
×
∫
d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pc.`2 − i
1
(`2.pa + i)2
{
1
(`1 + `2).pa + i
1
(`1 + `2 − k).pa + i
− 1
`1.pa + i
1
(`1 − k).pa + i
}
× (`1.`2pa.pc − `1.pc`2.pa)
−iqa
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=b
q2b qc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
1
pa.`1 + i
1
pa.(`1 − k) + i
∫
d4`2
(2pi)4
ei`2.(rb−rc)
×Gr(`2) 1
pb.`2 + i
1
pb.(`2 − `1) + i
1
pc.`2 − i
[
1
pb.`1 − i{`1αpb.pa − `1.papbα}
{`1.`2pb.pc − pc.`1pb.`2} − {`1α`2.papb.pc − `1.pa`2αpb.pc − `1αpc.pa`2.pb + `1.papcα`2.pb}
] ]
(A.6)
Analyzing the above expression in all the integration regions we find that only the last six lines above
contribute to order O(ω(lnω)2) in the integration region L−1 >> |`µ2 | >> |`µ1 | >> ω 16. So in this region of
integration approximating {pa.(`1−k)+i}−1 ' {pa.`1+i}−1+pa.k{pa.`1+i}−2 and {pb.(`2−`1)+i}−1 '
{pb.`2 + i}−1 the order O(ω(lnω)2) contribution from the last six lines becomes,
∆
(3)
(2)Ĵµ(k) ' −i
M+N∑
a=1
q3apaµk
α
M+N∑
b=1
b 6=a
M+N∑
c=1
c6=a
qbqc
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i
∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)3
1
pb.`1 − i
{
`1αpa.pb − `1.papbα
}
×
{
`1.`2pa.pc − pc.`1pa.`2
}
+ i
M+N∑
a=1
q2a paµk
α
M+N∑
b=1
b6=a
M+N∑
c=1
c6=b
q2b qc
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pb.`2 + i)2
1
pc.`2 − i
∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)3
1
pb.`1 − i
{
`1αpa.pb − `1.papbα
}
×
{
`1.`2pb.pc − pc.`1pb.`2
}
=
i
4
1
(4pi)2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
q3apaµk
α
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=a
ηaηc=1
qbqc
1
[(pa.pb)2 − p2ap2b ]5/2
× 1
[(pa.pc)2 − p2ap2c ]3/2
p2bp
2
cpa.pb
[
{pa.pcpaα − p2apcα}{(pa.pb)2 − p2ap2b}
16The expression above also contributes to the order O(ω0) in some regions of integration and the contribution depends
on L , which we are throwing out as the order O(ω0) contribution is ambiguous to determine as well as don’t contribute to
memory.
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+3{p2apbα − pa.pbpaα}{pa.pbpa.pc − p2apb.pc}
]
+
i
4
1
(4pi)2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
q2apaµk
α
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
q2b qc
1
[(pb.pc)2 − p2bp2c ]3/2
× 1
[(pa.pb)2 − p2ap2b ]5/2
(p2b)
2p2c
[
{(pa.pb)2 − p2ap2b}{pa.pbpcα − pa.pcpbα}+ 3 {p2bpa.pbpa.pcpaα
+p2apb.pcpa.pbpbα − (pa.pb)2pb.pcpaα − p2ap2bpa.pcpbα}
]
(A.7)
Similarly the contribution to sub-subleading current due to fourth term in the square bracket of
eq.(2.32) takes form,
∆
(4)
(2)Ĵµ(k) =
M+N∑
a=1
qa e
−ik.ra
∫ ∞
0
dσe−i(k.va−i)σ
d∆(2)Yaµ(σ)
dσ
=
M+N∑
a=1
qa e
−ik.ra
[
− iq2a
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
qbqc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
× 1
pb.`1 − i(`1µpbν − `1νpbµ)
∫
d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pc.`2 − i
×(`ν2pc.pa − `2.papνc )
1
`2.pa + i
1
(`1 + `2).pa + i
1
(`1 + `2 − k).pa + i
−iq2a
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
qbqc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1) × 1
pb.`1 − i(`1µpb.pa − `1.papbµ)
×
∫
d4`2
(2pi)4
ei`2.(ra−rc) Gr(`2)
1
pc.`2 − i
1
(`2.pa + i)2
{
1
(`1 + `2).pa + i
1
(`1 + `2 − k).pa + i
− 1
`1.pa + i
1
(`1 − k).pa + i
}
× (`1.`2pa.pc − `1.pc`2.pa)
−iqa
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=b
q2b qc
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
1
pa.`1 + i
1
pa.(`1 − k) + i
∫
d4`2
(2pi)4
ei`2.(rb−rc)
×Gr(`2) 1
pb.`2 + i
1
pb.(`2 − `1) + i
1
pc.`2 − i
[
1
pb.`1 − i{`1µpb.pa − `1.papbµ}
{`1.`2pb.pc − pc.`1pb.`2} − {`1µ`2.papb.pc − `1.pa`2µpb.pc − `1µpc.pa`2.pb + `1.papcµ`2.pb}
] ]
(A.8)
Analogously, analyzing the above expression in all the integration regions we find that only the last six
lines contribute to order O(ω(lnω)2) in the integration region L−1 >> |`µ2 | >> |`µ1 | >> ω. Now using the
prescription described below eq.(2.36) we find the following order O(ω(lnω)2) contribution,
∆
(4)
(2)Ĵµ(k) ' +i
M+N∑
a=1
q3a (pa.k)
M+N∑
b=1
b6=a
M+N∑
c=1
c6=a
qbqc
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i
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∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)3
1
pb.`1 − i
{
`1µpa.pb − `1.papbµ
}
×
{
`1.`2pa.pc − pc.`1pa.`2
}
−i
M+N∑
a=1
q2a (pa.k)
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=b
q2b qc
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pb.`2 + i)2
1
pc.`2 − i
∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
1
(pa.`1 + i)3
1
pb.`1 − i
{
`1µpa.pb − `1.papbµ
}
×
{
`1.`2pb.pc − pc.`1pb.`2
}
= − i
4
1
(4pi)2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
q3a (pa.k)
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=a
ηaηc=1
qbqc
1
[(pa.pb)2 − p2ap2b ]5/2
× 1
[(pa.pc)2 − p2ap2c ]3/2
p2bp
2
cpa.pb
[
{pa.pcpaµ − p2apcµ}{(pa.pb)2 − p2ap2b}
+3{p2apbµ − pa.pbpaµ}{pa.pbpa.pc − p2apb.pc}
]
− i
4
1
(4pi)2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
q2a (pa.k)
M+N∑
b=1
b 6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
q2b qc
1
[(pb.pc)2 − p2bp2c ]3/2
× 1
[(pa.pb)2 − p2ap2b ]5/2
(p2b)
2p2c
[
{(pa.pb)2 − p2ap2b}{pa.pbpcµ − pa.pcpbµ}+ 3 {p2bpa.pbpa.pcpaµ
+p2apb.pcpa.pbpbµ − (pa.pb)2pb.pcpaµ − p2ap2bpa.pcpbµ}
]
(A.9)
B Analysis of the terms containing ∆(2)Ya(σ) in the expression of ∆(2)T̂
X(k)
Before analyzing the terms in the last line of the expression of ∆(2)T̂
X(k) in eq.(3.44), first we need to
evaluate the contribution of
d∆(2)Yaµ(σ)
dσ . The subleading energy-momentum tensor for the motion of b’th
particle as well as for the gravitational radiation from b’th particle has the following form as follows from
eq.(3.29) and eq.(3.35),
∆(1)T̂
(b)µν(`1) = −8piG e−i`1.rb
M+N∑
c=1
c 6=b
∫
d4`2
(2pi)4
ei`2.(rb−rc)Gr(`2)
1
pb.`2 + i
1
pc.`2 − i
1
pb.(`2 − `1) + i
×Eµν(pb, pc, `1, `2)
−8piG
M+N∑
c=1
e−i`1.rc
∫
d4`2
(2pi)4
ei`2.(rc−rb)Gr(`1 − `2)Gr(`2) 1
pb.`2 − i
1
pc.(`1 − `2)− i
×
{
pbαpbβ − 1
2
p2bηαβ
}
Fµν,αβ,ρσ(`1, `2)
{
pcρpcσ − 1
2
p2cηρσ
}
(B.1)
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where the expression for Fµν,αβ,ρσ is given in eq.(3.36) and the expression for for Eµν is given as,
Eµν(pb, pc, `1, `2) =
pµb p
ν
b
pb.`1 − i
{
2pb.pcpb.`2pc.`1 − `1.`2(pb.pc)2 − p2cpb.`1pb.`2 +
1
2
`1.`2p
2
bp
2
c
}
−
{
2pb.pc`2.pb(p
µ
b p
ν
c + p
ν
bp
µ
c )− (pb.pc)2(`µ2pνb + `ν2pµb )− 2p2cpb.`2pµb pνb
+
1
2
p2bp
2
c(`
µ
2p
ν
b + `
ν
2p
µ
b )
}
(B.2)
Corresponding to this subleading energy-momentum tensor for b’th particle, the subleading metric fluc-
tuation becomes,
∆(1)h
(b)µν(x) = −8piG
∫
d4`1
(2pi)4
ei`1.xGr(`1)
[
∆(1)T̂
(b)µν(`1)− 1
2
ηµν∆(1)T̂
(b)ρ
ρ (`1)
]
(B.3)
The order O(G2) correction to the straight line trajectory of particle-a satisfies the following equation,
d2∆(2)Y
µ
a (σ)
dσ2
= −
[
∆(0)Γ
µ
νρ
(
ra + vaσ + ∆(1)Ya(σ)
)
+ ∆(1)Γ
µ
νρ(ra + vaσ)
]
×
(
vνa +
d∆(1)Y
ν
a (σ)
dσ
)(
vρa +
d∆(1)Y
ρ
a (σ)
dσ
)∣∣∣∣∣
O(G2)
(B.4)
Now after extracting the order O(G2) contribution from the RHS above equation and using the boundary
conditions follows from eq.(3.7):
∆(2)Y
µ
a (σ)
∣∣∣
σ=0
= 0 ,
d∆(2)Y
µ
a (σ)
dσ
∣∣∣∣∣
σ→∞
= 0 (B.5)
we get,
d∆(2)Y
µ
a (σ)
dσ
=
M+N∑
b=1
b 6=a
∫ ∞
σ
dσ′ ∆(0)Γ(b)µνρ (ra + vaσ
′)
{
vνa
d∆(1)Y
ρ
a (σ′)
dσ′
+
d∆(1)Y
ν
a (σ
′)
dσ′
vρa
}
−8piG
M+N∑
b=1
b 6=a
∫
d4`1
(2pi)4
ei`1.(ra−rb)Gr(`1)
1
pb.`1 − i
[
2`1.vapb.vap
µ
b − `µ1 (pb.va)2 − p2b`1.vavµa
+
1
2
p2bv
2
a`
µ
1
]
×
∫ ∞
σ
dσ′ei`1.vaσ
′{
i`1 ·∆(1)Ya(σ′)
}
+
∫ ∞
σ
dσ′ ∆(1)Γµνρ(ra + vaσ
′)vνav
ρ
a (B.6)
where
∆(1)Γ
µ
νρ(ra + vaσ
′) = i(8piG)2
M+N∑
b=1
b6=a
M+N∑
c=1
c6=b
∫
d4`1
(2pi)4
ei`1.(ra−rb)ei`1.vaσ
′
Gr(`1)
∫
d4`2
(2pi)4
e−i`2.(rc−rb)
Gr(`2)
1
pb.`2 + i
1
pb.(`2 − `1) + i
1
pc.`2 − i
[
`1ν{E µρ (pb, pc, `1, `2)
−1
2
δµρE αα (pb, pc, `1, `2)}+ `1ρ{E µν (pb, pc, `1, `2)−
1
2
δµν E αα (pb, pc, `1, `2)}
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−`µ1{Eνρ(pb, pc, `1, `2) −
1
2
ηνρE αα (pb, pc, `1, `2)}
]
+ i(8piG)2
M+N∑
b=1
M+N∑
c=1
∫
d4`1
(2pi)4
ei`1.(ra−rc)ei`1.vaσ
′
Gr(`1)
∫
d4`2
(2pi)4
ei`2.(rc−rb)
×Gr(`1 − `2)Gr(`2) 1
pb.`2 − i
1
pc.(`1 − `2)− i
{
pbαpbβ − 1
2
p2bηαβ
}
{
pcγpcσ − 1
2
p2cηγσ
}[
`1ν
(
F µ,αβ,γσρ (`1, `2)−
1
2
δµρF δ,αβ,γσδ (`1, `2)
)
+`1ρ
(
F µ,αβ,γσν (`1, `2)−
1
2
δµνF δ,αβ,γσδ (`1, `2)
)
− `µ1
(
Fνρ ,αβ,γσ(`1, `2)
−1
2
ηνρF δ,αβ,γσδ (`1, `2)
)]
(B.7)
The order O(ω(lnω)2) contribution from the fifth term of eq.(3.44) in the integration region L−1 >>
|`µ2 | >> |`µ1 | >> ω turns out,
∆
(5)
(2)T̂
Xµν(k)
=
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ
{
− ik ·∆(2)Ya(σ)
}
vµav
ν
a
' −
M+N∑
a=1
pµapνa
pa.k
kα
[
i(8piG)2(pa.k)
M+N∑
b=1
b 6=a
M+N∑
c=1
c 6=a
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i
[
2pa.`2
{
pa.pcp
β
c −
1
2
p2cp
β
a
}
− `β2
{
(pa.pc)
2 − 1
2
p2ap
2
c
}]∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
× 1
(pa.`1 + i)3
1
pb.`1 − i `1β
[
2pa.`1
{
pa.pbp
α
b −
1
2
p2bp
α
a
}
− `α1
{
(pa.pb)
2 − 1
2
p2ap
2
b
}]
−i(8piG)2(pa.k)
M+N∑
b=1
b6=a
M+N∑
c=1
c6=b
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pb.`2 + i)2
1
pc.`2 − i
[
2pb.`2
{
pb.pcp
β
c −
1
2
p2cp
β
b
}
− `β2
{
(pb.pc)
2 − 1
2
p2bp
2
c
}]∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
× 1
(pa.`1 + i)3
1
pb.`1 − i `1β
[
2pa.`1
{
pa.pbp
α
b −
1
2
p2bp
α
a
}
− `α1
{
(pa.pb)
2 − 1
2
p2ap
2
b
}]]
(B.8)
After evaluation of the two momenta integrals we find,
∆
(5)
(2)T̂
Xµν(k)
' −iG2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
pµap
ν
akα
[
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=a
ηaηc=1
1
[(pa.pc)2 − p2ap2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
{
(pa.pc)
3pcβ − 3
2
pa.pcp
2
ap
2
cpcβ +
1
2
p2a(p
2
c)
2paβ
}{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
α
b p
β
a − 2(pa.pb)2pαb pβb
−(p2b)2pαapβa + p2bpa.pbpαapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
{p2bηαβ − pαb pβb }
]
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+3{pa.pbpβb − p2bpβa}
[
(pa.pb)
3pαb −
3
2
pa.pbp
2
ap
2
bp
α
b +
1
2
p2a(p
2
b)
2pαa
]}
−
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
1
[(pb.pc)2 − p2bp2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
{
(pb.pc)
3pcβ − 3
2
pb.pcp
2
bp
2
cpcβ +
1
2
p2b(p
2
c)
2pbβ
}
×
{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
α
b p
β
a − 2(pa.pb)2pαb pβb − (p2b)2pαapβa + p2bpa.pbpαapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
×{p2bηαβ − pαb pβb }
]
+ 3{pa.pbpβb − p2bpβa}
[
(pa.pb)
3pαb −
3
2
pa.pbp
2
ap
2
bp
α
b +
1
2
p2a(p
2
b)
2pαa
]}]
(B.9)
The order O(ω(lnω)2) contribution from the sixth term of eq.(3.44) turns out,
∆
(6)
(2)T̂
Xµν(k)
=
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ vµa
d∆(2)Y
ν
a (σ)
dσ
' i(8piG)2
M+N∑
a=1
pµa(pa.k)
M+N∑
b=1
b6=a
M+N∑
c=1
c 6=a
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pa.`2 + i)2
1
pc.`2 − i
[
2pa.`2
{
pa.pcp
β
c −
1
2
p2cp
β
a
}
− `β2
{
(pa.pc)
2 − 1
2
p2ap
2
c
}]∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
× 1
(pa.`1 + i)3
1
pb.`1 − i `1β
[
2pa.`1
{
pa.pbp
ν
b −
1
2
p2bp
ν
a
}
− `ν1
{
(pa.pb)
2 − 1
2
p2ap
2
b
}]
−i(8piG)2
M+N∑
a=1
(pa.k) p
µ
a
M+N∑
b=1
b6=a
M+N∑
c=1
c6=b
∫ L−1
ω
d4`2
(2pi)4
Gr(`2)
1
(pb.`2 + i)2
1
pc.`2 − i
[
2pb.`2
{
pb.pcp
β
c −
1
2
p2cp
β
b
}
− `β2
{
(pb.pc)
2 − 1
2
p2bp
2
c
}]∫ |~`2|
ω
d4`1
(2pi)4
Gr(`1)
× 1
(pa.`1 + i)3
1
pb.`1 − i `1β
[
2pa.`1
{
pa.pbp
ν
b −
1
2
p2bp
ν
a
}
− `ν1
{
(pa.pb)
2 − 1
2
p2ap
2
b
}]
(B.10)
After evaluation of the two momenta integrals analogous to ∆
(5)
(2)T̂
Xµν(k) we find,
∆
(6)
(2)T̂
Xµν(k)
' iG2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
(pa.k)p
µ
a
[
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=a
ηaηc=1
1
[(pa.pc)2 − p2ap2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
{
(pa.pc)
3pcβ − 3
2
pa.pcp
2
ap
2
cpcβ +
1
2
p2a(p
2
c)
2paβ
}{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
ν
bp
β
a − 2(pa.pb)2pνbpβb
−(p2b)2pνapβa + p2bpa.pbpνapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
{p2bηνβ − pνbpβb }
]
+ 3{pa.pbpβb − p2bpβa}
×
[
(pa.pb)
3pνb −
3
2
pa.pbp
2
ap
2
bp
ν
b +
1
2
p2a(p
2
b)
2pνa
]}
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−
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
1
[(pb.pc)2 − p2bp2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
{
(pb.pc)
3pcβ − 3
2
pb.pcp
2
bp
2
cpcβ +
1
2
p2b(p
2
c)
2pbβ
}
×
{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
ν
bp
β
a − 2(pa.pb)2pνbpβb − (p2b)2pνapβa + p2bpa.pbpνapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
×{p2bηνβ − pνbpβb }
]
+ 3{pa.pbpβb − p2bpβa}
[
(pa.pb)
3pνb −
3
2
pa.pbp
2
ap
2
bp
ν
b +
1
2
p2a(p
2
b)
2pνa
]}]
(B.11)
The orderO(ω(lnω)2) contribution from the seventh term of eq.(3.44) we can directly get by interchanging
µ↔ ν in the expression(B.11),
∆
(7)
(2)T̂
Xµν(k)
=
M+N∑
a=1
mae
−ik.ra
∫ ∞
0
dσ e−i(k.va−i)σ vνa
d∆(2)Y
µ
a (σ)
dσ
' iG2
M+N∑
a=1
{
ln
(
(ω + iηa)L
)}2
(pa.k)p
ν
a
[
M+N∑
b=1
b 6=a
ηaηb=1
M+N∑
c=1
c6=a
ηaηc=1
1
[(pa.pc)2 − p2ap2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
×
{
(pa.pc)
3pcβ − 3
2
pa.pcp
2
ap
2
cpcβ +
1
2
p2a(p
2
c)
2paβ
}{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
µ
b p
β
a − 2(pa.pb)2pµb pβb
−(p2b)2pµapβa + p2bpa.pbpµapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
{p2bηµβ − pµb pβb }
]
+ 3{pa.pbpβb − p2bpβa}
×
[
(pa.pb)
3pµb −
3
2
pa.pbp
2
ap
2
bp
µ
b +
1
2
p2a(p
2
b)
2pµa
]}
−
M+N∑
b=1
b6=a
ηaηb=1
M+N∑
c=1
c 6=b
ηbηc=1
1
[(pb.pc)2 − p2bp2c ]3/2
1
[(pa.pb)2 − p2ap2b ]5/2
{
(pb.pc)
3pcβ − 3
2
pb.pcp
2
bp
2
cpcβ +
1
2
p2b(p
2
c)
2pbβ
}
×
{
{(pa.pb)2 − p2ap2b}
[
2p2bpa.pbp
µ
b p
β
a − 2(pa.pb)2pµb pβb − (p2b)2pµapβa + p2bpa.pbpµapβb −
{
(pa.pb)
2 − 1
2
p2ap
2
b
}
×{p2bηµβ − pµb pβb }
]
+ 3{pa.pbpβb − p2bpβa}
[
(pa.pb)
3pµb −
3
2
pa.pbp
2
ap
2
bp
µ
b +
1
2
p2a(p
2
b)
2pµa
]}]
(B.12)
C Fourier transforms for deriving early and late time waveforms
Here we are interested to determine the Fourier transformation of following three functions,
F˜n,0(ω, ~x) = Ce
iωφ f(ω) ωn−1
{
ln(ω + i)
}n
(C.1)
F˜0,n(ω, ~x) = Ce
iωφ f(ω) ωn−1
{
ln(ω − i)
}n
(C.2)
F˜n−r,r(ω, ~x) = Ceiωφ f(ω) ωn−1
{
ln(ω + i)
}n−r {
ln(ω − i)
}r
(C.3)
where C and φ are functions of ~x and f(ω) is a function of ω which is smooth at ω = 0 with f(0) = 1
and falls off sufficiently as ω → ±∞ for the convergence of the Fourier transforms. Now the Fourier
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transformations are given by,
Fn,0(t, ~x) = C
∫ ∞
−∞
dω
2pi
e−iωu f(ω) ωn−1
{
ln(ω + i)
}n
(C.4)
F0,n(t, ~x) = C
∫ ∞
−∞
dω
2pi
e−iωu f(ω) ωn−1
{
ln(ω − i)
}n
(C.5)
Fn−r,r(t, ~x) = C
∫ ∞
−∞
dω
2pi
e−iωu f(ω) ωn−1
{
ln(ω + i)
}n−r {
ln(ω − i)
}r
(C.6)
where u ≡ t − φ. For u > 0 from the convergence of the Fourier integrals we have to close the contour
in the lower half plane of complex ω. Similarly for u < 0 we have to to close the contour in the upper
half plane of complex ω. Now for standard principle value of complex logarithms ln(ω ± i), the branch
cut singularities start at ω = ∓i and extend to ω = −∞ ∓ i. This implies Fn,0(t, ~x) = 0 for u < 0
and F0,n(t, ~x) = 0 for u > 0. Now using the discontinuity of principal valued logarithm, defined as
ln z = ln |z|+ iArg(z) for −pi < Arg(z) ≤ pi, we get ln(ω + i) = ln(ω − i) + 2piiH(−ω), where H is the
Heaviside step function. Substituting ln(ω + i) = ln(ω − i) + 2piiH(−ω) in eq.(C.4) we get,
Fn,0(t, ~x) = F0,n(t, ~x) + C
∫ ∞
−∞
dω
2pi
e−iωuf(ω) ωn−1
[
n
{
ln(ω − i)
}n−1
2piiH(−ω)
+
n(n− 1)
2
{
ln(ω − i)
}n−2
(2pii)2H(−ω) + · · ·+ (2pii)nH(−ω)
]
(C.7)
The most singular term in the integrand contributes,
Fn,0(t, ~x) − F0,n(t, ~x) ' inC
(
i
d
du
)n−1 ∫ 0
−∞
dω e−iωuf(ω)
{
ln(ω − i)
}n−1
(C.8)
Now substituting v = ωu in the above integral we get,
Fn,0(t, ~x) − F0,n(t, ~x) ' inC
(
i
d
du
)n−1 ∫ 0
−∞×sgn(u)
dv
u
e−iv f
(v
u
) {
ln(v − i× sgn(u))− lnu
}n−1
= −Cn! in−1 (ln |u|)
n−1
un
+ O
((ln |u|)n−2
un
)
(C.9)
This gives,
Fn,0(t, ~x) =

−Cn! in−1 (ln |u|)n−1un for u→ +∞
0 for u→ −∞
(C.10)
F0,n(t, ~x) =

0 for u→ +∞
+Cn! in−1 (ln |u|)
n−1
un for u→ −∞
(C.11)
Now in the expression (C.6) substituting ln(ω + i) = ln(ω − i) + 2piiH(−ω) and keeping the terms up
to subleading singular pieces of the integrand we get,
Fn−r,r(t, ~x) ' F0,n(t, ~x) + iC(n− r)
∫ 0
−∞
dω e−iωu f(ω)ωn−1
{
ln(ω − i)
}n−1
(C.12)
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Similarly, in the expression (C.6) substituting ln(ω− i) = ln(ω+ i)− 2piiH(−ω) and keeping the terms
up to subleading singular pieces of the integrand we get,
Fn−r,r(t, ~x) ' Fn,0(t, ~x) − iCr
∫ 0
−∞
dω e−iωu f(ω)ωn−1
{
ln(ω + i)
}n−1
(C.13)
Then from the last two expressions we find the following relation,
Fn,0(t, ~x) + F0,n(t, ~x)− 2Fn−r,r(t, ~x) ' iCr
∫ 0
−∞
dω e−iωu f(ω)ωn−1
{
ln(ω + i)
}n−1
− iC(n− r)
∫ 0
−∞
dω e−iωu f(ω)ωn−1
{
ln(ω − i)
}n−1
' iC(2r − n)
∫ 0
−∞
dω e−iωu f(ω)ωn−1
{
ln(ω + i)
}n−1
(C.14)
where in the last line of RHS we have substituted ln(ω − i) = ln(ω + i)− 2piiH(−ω) and kept only the
leading non-analytic piece of the integrand. Now substituting v = ωu we get,
Fn,0(t, ~x) + F0,n(t, ~x)− 2Fn−r,r(t, ~x)
' iC(2r − n)
(
i
d
du
)n−1 ∫ 0
−∞×sgn(u)
dv
u
e−iv f
(v
u
) {
ln(v + i× sgn(u))− lnu
}n−1
= −C(2r − n) in−1(n− 1)! (ln |u|)
n−1
un
+ O
((ln |u|)n−2
un
)
(C.15)
Now combining the results of eq.(C.10),(C.11) and (C.15) we get,
Fn−r,r(t, ~x) =

−C(n− r) (n− 1)! in−1 (ln |u|)n−1un for u→ +∞
+Cr (n− 1)! in−1 (ln |u|)n−1un for u→ −∞
(C.16)
D Gravitational energy-momentum tensor
We consider deviation of the metric hµν from Minkowski metric given as gµν = ηµν+2hµν and hµν satisfies
harmonic gauge ∂µh
µν − 12∂νh = 0. The definitions for Christoffel symbol, Riemann tensor and Ricci
scalar are following:
Γαβγ =
1
2
gασ
(
∂βgσγ + ∂γgσβ − ∂σgβγ
)
(D.1)
Rµν = R
ρ
µρν = ∂ρΓ
ρ
µν − ∂νΓρµρ + ΓτµνΓρρτ − ΓτµρΓρτν (D.2)
R = gµνRµν (D.3)
To compute various quantities below in terms of linear perturbation we follow the references [82–84].
gµν = ηµν − 2hµν + 4hµρh νρ +O(h3) (D.4)√
−det g = 1 + hρρ − hρσhρσ +
1
2
h ρρ h
σ
σ +O(h3) (D.5)
Γαβγ = (η
ασ − 2hασ + 4hακh σκ )
(
∂βhγσ + ∂γhβσ − ∂σhβγ
)
+O(h4) (D.6)
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Ricci tensor components,
R(1)µν = −∂ρ∂ρhµν (D.7)
R(2)µν = ∂µhαβ∂νh
αβ + 2hαβ∂µ∂νhαβ − 2hαβ∂ν∂βhαµ − 2hαβ∂µ∂βhαν + 2hαβ∂α∂βhµν
+2∂βhνα∂βh
α
µ − 2∂βhνα∂αh βµ (D.8)
R(3)µν = 4h
ρ
α∂ρh
ασ∂µhνσ + 4h
ρ
α∂ρh
ασ∂νhµσ − 4hρα∂ρhασ∂σhµν − 2∂µh σν hρα∂σhρα
−2∂νh σµ hρα∂σhρα + 2∂σhµνhρα∂σhρα − 4hασ∂µhρσ∂νh ρα + 4hασ∂ρhµσ∂αhρν
−4hασ∂ρhµσ∂ρhνα − 4hασ∂σhµρ∂αhρν + 4hασ∂σhµρ∂ρhνα + 4hραhασ∂ρ∂µhνσ
+4hραh
ασ∂ρ∂νhµσ − 4hραhασ∂ρ∂σhµν − 4hραhασ∂µ∂νhρσ (D.9)
Ricci scalar components,
R(1) = ηµνR(1)µν (D.10)
R(2) = ηµνR(2)µν − 2hµνR(1)µν (D.11)
R(3) = ηµνR(3)µν − 2hµνR(2)µν + 4hµτh ντ R(1)µν (D.12)
Now using the definition of gravitational energy-momentum tensor given in eq.(3.12), it’s components in
expansion of linear metric perturbation,
8piG T (2)hµν(x) = −[R(2)ρσ ηµρηνσ − 2ηνσhµρR(1)ρσ − 2ηµρhνσR(1)ρσ + ηµρηνσhR(1)ρσ − 12ηµνηρσR(2)ρσ + ηµνhρσR(1)ρσ
+R(1)hµν − 1
2
hR(1)ηµν
]
= −2
[1
2
∂µhαβ∂
νhαβ + hαβ∂µ∂νhαβ − hαβ∂ν∂βhµα − hαβ∂µ∂βhνα + hαβ∂α∂βhµν
+∂βhνα∂βh
µ
α − ∂βhαν∂αhµβ −
1
2
hµν∂ρ∂
ρh+ hµρ∂σ∂σh
ν
ρ + h
νρ∂σ∂σh
µ
ρ
]
+ηµν
[3
2
∂ρhαβ∂ρh
αβ + 2hαβ∂ρ∂ρhαβ − ∂βhαρ∂αhβρ
]
+h
[
∂ρ∂ρh
µν − 1
2
∂ρ∂ρhη
µν
]
(D.13)
8piG T (3)hµν(x) = −
[
ηµρηνσR(3)ρσ − 2hµρηνσR(2)ρσ − 2ηµρhνσR(2)ρσ + 4hµρhνσR(1)ρσ + 4hµτh ρτ ηνσR(1)ρσ
+4hντh στ η
µρR(1)ρσ + hη
µρηνσR(2)ρσ − 2hhµρηνσR(1)ρσ − 2hηµρhνσR(1)ρσ − hαβhαβηµρηνσR(1)ρσ
+
1
2
h2ηµρηνσR(1)ρσ −
1
2
ηµνR(3) + hµνR(2) − 2hµτh ντ R(1) −
1
2
ηµνhR(2) + hhµνR(1)
+
1
2
ηµνhαβhαβR
(1) − 1
4
ηµνh2R(1)
]
= −
[
4hρα∂ρh
ασ∂µhνσ + 4h
ρ
α∂ρh
ασ∂νhµσ − 4hρα∂ρhασ∂σhµν − 2∂µhνσhρα∂σhρα
−2∂νhµσhρα∂σhρα + 2∂σhµνhρα∂σhρα − 4hασ∂µhρσ∂νh ρα + 4hασ∂ρhµσ∂αhρν
−4hασ∂ρhµσ∂ρhνα − 4hασ∂σhµρ∂αhρν + 4hασ∂σhµρ∂ρhνα + 4hραhασ∂ρ∂µhνσ
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+4hραh
ασ∂ρ∂
νhµσ − 4hραhασ∂ρ∂σhµν − 4hραhασ∂µ∂νhρσ
]
+2hµρ
[
∂ρhαβ∂
νhαβ + 2hαβ∂ρ∂
νhαβ − 2hαβ∂ν∂βhαρ − 2hαβ∂ρ∂βhνα
+2hαβ∂α∂βh
ν
ρ + 2∂
βhνα∂βh
α
ρ − 2∂βhνα∂αh βρ
]
+2hνσ
[
∂µhαβ∂σh
αβ + 2hαβ∂µ∂σhαβ − 2hαβ∂σ∂βh µα − 2hαβ∂µ∂βhασ
+2hαβ∂α∂βh
µ
σ + 2∂
βhσα∂βh
µα − 2∂βhσα∂αhµβ
]
+4hµρhνσ∂α∂
αhρσ + 4h
µαhαρ∂β∂
βhρν + 4hναhασ∂β∂
βhµσ
−h
[
∂µhαβ∂
νhαβ + 2hαβ∂µ∂νhαβ − 2hαβ∂ν∂βh µα − 2hαβ∂µ∂βh να
+2hαβ∂α∂βh
µν + 2∂βhνα∂βh
µ
α − 2∂βhνα∂αhµβ
]
−2hhµρ∂β∂βh νρ − 2hhνσ∂β∂βhµσ − hαβhαβ∂ρ∂ρhµν +
1
2
h2∂ρ∂ρh
µν
−6ηµνhασ∂βhρσ∂βh ρα + 4ηµνhασ∂ρhβσ∂αhβρ − 3ηµνhρσ∂ρhαβ∂σhαβ
−2ηµνhρσhαβ∂ρ∂σhαβ + 2ηµνhρσhαβ∂σ∂βhαρ + 2ηµνhρσhαβ∂ρ∂βhασ
−2ηµνhρσhαβ∂α∂βhρσ + 2ηµνhρσ∂βhσα∂αh βρ − 4ηµνhραh σα ∂β∂βhρσ
−3hµν∂ρhαβ∂ρhαβ − 2hµνhαβ∂ρ∂ρhαβ + 2hµν∂βhρα∂αhρβ − 2hµνhρσ∂α∂αhρσ
−2hµαh να ∂β∂βh+
3
2
ηµνh∂ρhαβ∂
ρhαβ + 2ηµνhhαβ∂ρ∂
ρhαβ − ηµνh∂βhρα∂αhρβ
+hhµν∂α∂
αh +
1
2
ηµνhαβhαβ∂ρ∂
ρh− 1
4
ηµνhh∂α∂
αh (D.14)
The Fourier transform of T (3)hµν(x) turns out to be,
T̂ (3)hµν(k) =
1
8piG
∫
d4`1
(2pi)4
∫
d4`2
(2pi)4
ĥαβ(`1)ĥ
ρσ(`2)ĥ
γδ(k − `1 − `2) Gµναβ,ρσ,γδ(`1, `2, k) (D.15)
where to extract the expression of Gµναβ,ρσ,γδ(`1, `2, k) from eq.(D.14) we can always choose h
γδ(x) to be
the metric on which no derivative operates. This is always possible since in the expression (D.14) there
are two derivatives operating but the expression contains three metric fluctuations. So choosing hγδ(x)
this way, the momentum dependence of Gµναβ,ρσ,γδ(`1, `2, k) have the following structure,
Gµναβ,ρσ,γδ(`1, `2, k) ∼ #`1`1 + #`1`2 + #`2`2 (D.16)
We don’t need the explicit expression for Gµναβ,ρσ,γδ(`1, `2, k) for the purpose of this paper.
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